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Conformal low-spin anomalous currents and shadow fields in flat space-time of dimension greater than or 
equal to four are studied. Gauge invariant formulation for such currents and shadow fields is developed. Gauge 
symmetries are realized by involving Stueckelberg and auxiliary fields. Gauge invariant differential constraints 
for anomalous currents and shadow fields and realization of global conformal symmetries are obtained. Gauge 
invariant two-point vertices for anomalous shadow fields are also obtained. In Stueckelberg gauge frame, these 
gauge invariant vertices become the standard two-point vertices of CFT. Light-cone gauge two-point vertices of 
the anomalous shadow fields are derived. AdS/CFT correspondence for anomalous currents and shadow fields 
and the respective normalizable and non-normalizable solutions of massive low-spin AdS fields is studied. 
The bulk fields are considered in modified de Donder gauge that leads to decoupled equations of motion. We 
demonstrate that leftover on-shell gauge symmetries of bulk massive fields correspond to gauge symmetries of 
boundary anomalous currents and shadow fields, while the modified (Lorentz) de Donder gauge conditions for 
bulk massive fields correspond to differential constraints for boundary anomalous currents and shadow fields. 
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I. INTRODUCTION 

In space-time of dimension d > 4, fields of CFT can be 
separated into two groups: conformal currents and shadow 
fields. Field having Lorentz algebra spin s and conformal di- 
mension A = s + d — 2, is referred to as conformal current 
with canonical dimension, while field having Lorentz algebra 
spin s and conformal dimension A > s + d — 2 is referred 
to as anomalous conformal current. Accordingly, field having 
Lorentz algebra spin s and conformal dimension A = 2 — s, is 
referred to as shadow field with canonical dimension 1 , while 
field having Lorentz algebra spin s and conformal dimension 
A < 2 — s is referred to as anomalous shadow field. 

In Refs.Jsl we developed the gauge invariant (Stueck- 
elberg) approach to the conformal currents and shadow fields 
having canonical conformal dimensions. In the framework of 
AdS/CFT correspondence such currents and shadow fields are 
related to massless AdS fields. The purpose of this paper is to 
develop gauge invariant approach to the anomalous confor- 
mal currents and shadow fields which, in the framework of 
AdS/CFT correspondence, are related to massive AdS fields. 
The examples of spin-1 and spin-2 conformal fields demon- 
strate all characteristic features of our approach. In this pa- 
per, because these examples are very important in their own 
right, we discuss spin-1 and spin-2 anomalous conformal cur- 
rents and shadow fields. Arbitrary spin anomalous conformal 
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1 It is the shadow fields having canonical dimension that are used to discuss 
conformal invariant equations of motion and Lagrangian formulations (see 
e.g. Refs.(J0]). In earlier literature, discussion of shadow field dualities 
may be found in Ref.01. 



currents and shadow fields will be considered in forthcoming 
publication. Our approach can be summarized as follows. 

i) Starting with field content of the standard formulation 
of anomalous conformal currents (and anomalous shadow 
fields), we introduce Stueckelberg fields and auxiliary fields, 
i.e., we extend space of fields entering the standard CFT. 

ii) On the extended space of currents (and shadow fields), we 
introduce differential constraints, gauge transformations, and 
conformal algebra transformations. These differential con- 
straints are invariant under the gauge transformations and the 
conformal algebra transformations. 

iii) The gauge symmetries and the differential constraints 
make it possible to match our approach and the standard one, 
i.e., by appropriate gauge fixing to exclude the Stueckelberg 
fields and by solving differential constraints to exclude the 
auxiliary fields we obtain the standard formulation of anoma- 
lous conformal currents and shadow fields. 

We apply our approach to the study of AdS/CFT corre- 
spondence between massive AdS fields and corresponding 
boundary anomalous conformal currents and shadow fields. 
We demonstrate that normalizable modes of massive AdS 
fields are related to anomalous conformal currents, while 
non-normalizable modes of massive AdS fields are related 
to anomalous shadow fields. In the earlier literature, the 
correspondence between non-normalizable bulk modes and 
shadow fields was studied in Ref. OlOll (for spin-1 fields) and 
in Ref-lUU] (for spin-2 fields). To our knowledge, AdS/CFT 
correspondence between normalizable massive modes and 
anomalous conformal currents has not been considered in the 
earlier literature. As compared to the studies in Refs. ifTol [Till . 
our approach involves large amount of gauge symmetries. 
Therefore results of these references are obtained from the 
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ones in this paper by using some particular gauge condition, 
which we refer to as Stueckelberg gauge fixing. We note 
also that our approach provides quick access to the light-cone 
gauge formulation of CFT. Perhaps, one of the main advan- 
tages of our approach is that this approach gives easy ac- 
cess to the study of AdS/CFT correspondence in light-cone 
gauge frame. This is very important for future application 
of our approach to studying string/gauge theory dualities be- 
cause one expects that string theory in AdS/Ramond-Ramond 
background can be quantized only in light-cone gauge. 

Our approach to the study of AdS/CFT correspondence can 
be summarized as follows. 

i) We use CFT adapted gauge invariant approach to AdS field 
dynamics developed in Ref.Jljl. For spin-1 and spin-2 mas- 
sive AdS fields, we use the respective modified Lorentz gauge 
and modified de Donder gauge. Remarkable property of these 
gauges is that they lead to the simple decoupled bulk equa- 
tions of motion which can be solved in terms of Bessel func- 
tion and this simplifies considerably study of AdS/CFT cor- 
respondence. Also, using these gauges, we demonstrate that 
the two-point gauge invariant vertex of the anomalous shadow 
field does indeed emerge from massive AdS field action when 
it is evaluated on solution of the Dirichlet problem. AdS field 
action evaluated on solution of the Dirichlet problem will be 
referred to as effective action in this paper. 

ii) The number of boundary gauge fields involved in our gauge 
invariant approach to the anomalous conformal current (or 
anomalous shadow field) coincides with the number of bulk 
massive gauge AdS fields involved in the standard gauge in- 
variant Stueckelberg approach to massive field. Note however 
that, instead of the standard gauge invariant approach to mas- 
sive field, we use the CFT adapted formulation of massive 
AdS field developed in Ref.lflill 2 . 

iii) Our modified Lorentz gauge (for spin-1 massive AdS field) 
and modified de Donder gauge (for spin-2 massive AdS field) 
turn out to be related to the differential constraints we obtained 
in the framework of gauge invariant approach to the anoma- 
lous conformal currents and shadow fields. 

iv) Leftover on-shell gauge symmetries of massive bulk AdS 
fields are related to the gauge symmetries of boundary anoma- 
lous conformal currents (or anomalous shadow fields). 

The rest of the paper is organized as follows. 

In Sec. HU we summarize the notation used in this paper. 

In Sees. Illlland lrVl we start with the respective examples 



2 We note also that the number of gauge transformation parameters in- 
volved in our gauge invariant approach to anomalous current (or anoma- 
lous shadow field) coincides with the number of gauge transformation pa- 
rameters of bulk massive gauge AdS field involved in the standard gauge 
invariant approach to massive field. 



of the spin-1 anomalous conformal current and spin-1 anoma- 
lous shadow field. We illustrate our gauge invariant approach 
to describing the anomalous conformal current and shadow 
field. For the spin-1 anomalous shadow field, we obtain the 
gauge invariant two point vertex and discuss how our gauge 
invariant approach is related to the standard approach to CFT. 
Also, using our gauge invariant approach we obtain light-cone 
gauge description of the spin-1 anomalous conformal current 
and shadow field. 

Sees. [Vland rvTl are devoted to spin-2 anomalous conformal 
current and spin-2 anomalous shadow field respectively. In 
these Sections we generalize results of Sees. [Ill] and [TV] to the 
case of spin-2 anomalous conformal current and shadow field. 

In Sec. I VIII we discuss two-point current-shadow field in- 
teraction vertex. 

In Sec. I Villi because use of modified Lorentz (de Don- 
der) gauge makes study of AdS/CFT correspondence for spin- 
1 (spin-2) field similar to the one for scalar field, we briefly 
review the AdS/CFT correspondence for the scalar field. 

Sec. [IX]is devoted to the study of AdS/CFT correspondence 
for bulk spin- 1 massive AdS field and boundary spin- 1 anoma- 
lous conformal current and shadow field, while in SeclXlwe 
extend results of Sec. |lX]to the case of spin-2 fields. 

We collect various technical details in two appendices. In 
Appendices [A] and [B] we present details of the derivation of 
CFT adapted gauge invariant Lagrangian for the respective 
spin-1 and spin-2 massive AdS fields. 

II. PRELIMINARIES 
A. Notation 

Our conventions are as follows. x a denotes coordinates in 
e?-dimensional flat space-time, while d a denotes derivatives 
with respect to x a ,d a = d/dx a . Vector indices of the Lorentz 
algebra so(d — 1, 1) take the values a, b, c, e = 0, 1, . . . , d— 1. 
We use mostly positive flat metric tensor if lb . To simplify 
our expressions we drop rj a b in scalar products, i.e., we use 
X a Y a = rj a i 1 X a Y b . Throughout this paper we use operators 
constructed out of the derivatives and coordinates, 

□ = d a d a , xd = x a d a , x 2 = x a x a . (2.1) 

Sometimes we use light-cone frame. In the light-cone 
frame, space-time coordinates are decomposed as x a — 
where light-cone coordinates in ± directions are 
defined as x^ 1 = (x^ 1 ± x°)/^/2 and x + is taken to be a 
light-cone time. so(d — 2) algebra vector indices take values 
i,j = l,...,d — 2. We adopt the conventions: 

d l = d l = d/dx l , d ± =d T = d/dx^ . (2.2) 
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B. Global conformal symmetries 

In d-dimensional flat space-time, the conformal algebra 
so(d, 2) consists of translation generators P a , dilatation gen- 
erator D, conformal boost generators K a , and generators of 
the so(d— 1, 1) Lorentz algebra J ab . We assume the following 
normalization for commutators of the conformal algebra: 

[D. P a ] = -P a , [P a , J bc ] = T] ab P c - ?f c P b 1 
[D, K a ] = K a , [K a ,J bc }=T] ab K c -r] ac K b , 

(2.3) 

[P a ,K b ] = v ab D-J ab , 
[J ab 7 J ce ] =77 fcc J ae + 3terms. 



In ( 12.8b . R a is operator depending, in general, on the deriva- 
tives with respect to the space-time coordinates 3 and not de- 
pending on the space-time coordinates x a . In the standard for- 
mulation of conformal currents and shadow fields, the opera- 
tor R a is equal to zero, while in the gauge invariant approach 
that we develop in this paper, the operator R a is non-trivial. 
This implies that, in the framework of the gauge invariant ap- 
proach, the complete description of the conformal currents 
and shadow fields requires, among other things, finding the 
operator R a . 

III. SPIN-1 ANOMALOUS CONFORMAL CURRENT 



Let 4> denotes conformal current (or shadow field) in flat 
space-time of dimension d > 4. Under conformal algebra 
transformations the 6 transforms as 



5 &( j) = G(j), 



(2.4) 



where realization of the conformal algebra generators G in 
terms of differential operators acting on the <f> takes the form 



P a = d a , 

jab = x a d b _ x b d a 

D = xd + A , 



K a = K% M + R a . 



M 



ah 



(2.5) 

(2.6) 
(2.7) 
(2.8) 



K AM = --x J d a +x a D + M ab x b . (2.9) 

In ( 12.6b -( r2~8l . A is operator of conformal dimension, M ab is 
spin operator of the Lorentz algebra. Action of M ab on fields 
of the Lorentz algebra is well known and for rank-2 tensor, 
vector, and scalar fields considered in this paper is given by 

M ab (f> ce = V ae <j) cb + rj ac <j) be - (o 6) , 
M ab (f> c = r] ac (f) b - (a -H- 6) , (2.10) 
M ab d> = . 



These relations imply that action of operator K%j A (|2.91 l on 
the fields can be presented as 



K 



a . ^ bc - K^(j) bc + M abf ^ fc J- M ac f Apf 



M° 



Kl >M <t> b = Kl<p b + M abf <t> f 
Kl M ct> = K a A cj>, 



(2.11) 



In this section, we develop gauge invariant approach to 
spin-1 anomalous conformal current. Besides the gauge in- 
variant formulation we discuss two gauge conditions which 
can be used for studying the anomalous conformal currents - 
Stueckelberg gauge and light-cone gauge. We would like to 
discuss these gauges because of the following reasons. 

i) It turns out that the Stueckelberg gauge reduces our ap- 
proach to the standard formulation of CFT Therefore the use 
of the Stueckelberg gauge allows us to demonstrate how the 
standard approach to anomalous conformal currents is ob- 
tained from our gauge invariant approach. 

ii) Motivation for considering the light-cone gauge frame 
cames from conjectured duality of the SYM theory and the 
theory of the superstring in AdS background 1 14]. By analogy 
with flat space, we expect that a quantization of the Green- 
Schwarz AdS superstring |15ll will be straightforward only in 



the light-cone gauge [ 16, 



17H . Therefore it seems that from the 
stringy perspective of AdS/CFT correspondence, light-cone 
approach to CFT is the fruitful direction to go. 

A. Gauge invariant formulation 

To discuss gauge invariant formulation of spin- 1 anomalous 
conformal current in flat space of dimension d > 4 we use one 
vector field <^»" ur and two scalar fields (/w.i, </>cur,-l : 



u cur,0 i 



(3.1) 



The fields 0° ur and </> C ur,±i transform in the respective vec- 
tor and scalar irreps of the Lorentz algebra so(d — 1,1). We 
note that fields ( 13. Il l have the conformal dimensions 



2+*, 



A, 



.±i = 2 + K±1 ' 



(3.2) 



K A = --x 2 d a + x a (xd + A), (2.12) 



M abc = v ab x c _ v ac x b 



(2.13) 



3 For conformal currents and shadow fields studied in this paper, the operator 
R a does not depend on the derivatives. Dependence of R a on derivatives 
appears e.g., in ordinary-derivative approach to conformal fields 11311 . 
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where n is a dimensionless parameter. In the framework of 
AdS/CFT correspondence, n is related to the mass parameter 
m of spin-1 massive AdS field as 



{d-2f 



(33) 



We now introduce the following differential constraint: 



the one in the standard approach. In other words, the gauge 
symmetry and differential constraint make it possible to match 
our approach and the standard formulation of spin-1 anoma- 
lous conformal current 4 . 



C. Light-cone gauge frame 



+ r°°D0 cur> _i + = , (3.4) 



.,00 



7 cur,0 



„00 _ 



„00 



'C 



/2 K + d- 2\i/2 

V Tn ) ' 
/2K-d + 2\i/2 

V Tk ) 



(3.5) 



One can make sure that this constraint is invariant under the 
gauge transformations 



^cur.O — ^ a £cur,0 



^cur, — 1 



-r uu £ 

' z V 



00/ 

z Scur,0 j 



— „00 n t 
,1 — ~ r ( U ?cur,0 > 



(3.6) 
(3.7) 
(3.8) 



where £ C ur,o is a gauge transformation parameter. 

To complete our gauge invariant formulation we provide 
realization of the operator R a on space of gauge fields ( 13. U . 



-^"^cur^O 



R a c 



R a c 



,-i = 0. 



= —Zkv, 



(3.9) 



00 -a 
C rcur,0 



Using d3~9l , we make sure that constraint ( 13.4b is invariant 
under transformations of the conformal algebra d2.41 >. 



For the spin-1 anomalous conformal current, the light-cone 
gauge frame is achieved through the use of differential con- 
straint ( 13.41 and light-cone gauge condition. Using gauge 
symmetry of the spin-1 anomalous conformal current ( 13.61) . 
we impose the light-cone gauge on the field 0° ur , 



w cur,0 



0. 



(3.12) 



Using this gauge in differential constraint d3.4t , we find 



,.00 



y cur,0 — Q+ V-cur.O Q+ 



,.00 



d+ 



(3.13) 



We see that we are left with vector field (f> l CUT and two scalar 
fields 0cur,±i' These fields constitute the field content of the 
light-cone gauge frame. 



IV. SPIN-1 ANOMALOUS SHADOW FIELD 

A. Gauge invariant formulation 

To discuss gauge invariant formulation of spin- 1 anomalous 
shadow field in space of dimension d > 4 we use one vector 



field, 



'sh,0 



and two scalar fields 4> s h,- 



sh,0 I 



sh,-l ■ 



sh,l 



(4.1) 



B. Stueckelberg gauge frame 

We now discuss the spin-1 anomalous conformal current in 
the Stueckelberg gauge frame. From (13.7b . we see that the 
scalar field </w.-i transforms as Stueckelberg field, i.e., this 
field can be gauged away via Stueckelberg gauge fixing, 



^cur, — 1 



0. 



(3.10) 



Using this gauge in constraint ( 13.41 ). we see that the remaining 
scalar field ^ C ur,i can be expressed in terms of the vector field 



v cur,0' 



,1 = -i^C 



v cur,0 ' 



(3.11) 



i.e., making use of the gauge symmetry and differential con- 
straint (13.41 ) we reduce field content of our approach ( 13.11 ) to 



The fields 4>® h and <f) s h,±i transform in the respective vector 
and scalar representations of the Lorentz algebra so(d —1,1). 
We note that these fields have the conformal dimensions 



K , 

2 



A <?Wi = 2 ~ K ± 1 ' 



(4.2) 



In the framework of AdS/CFT correspondence, n is related to 
the mass parameter m of spin-1 massive AdS field as in ( 13.31 ). 
We now introduce the following differential constraint: 



3 a Ch,o 



0. 



(4.3) 



4 As in standard approach to CFT, our currents can be considered either as 
fundamental field degrees of freedom or as composite operators. At the 



group theoretical level, we study in this paper, this distinction is immate- 
rial. Discussion of interesting methods for building conformal currents as 
composite operators may be found in Refs.l 18lll9ll . 
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where r°°, r®° are given in ( 13.51 ). We make sure that constraint 
( 14. 3t is invariant under the gauge transformations 



t>sb,-l — — ?~" £sh,0 ■ 



(4.4) 
(4.5) 
(4.6) 



where £ s h,o is a gauge transformation parameter. 

To complete our gauge invariant formulation of the spin-1 
anomalous shadow field we provide realization of the operator 
R a on space of gauge fields ( 14.11 ), 

R a cj> b ahi0 = 2 K r c °VV sh ,_i , 

^^,-1=0, (4.7) 

R a <j> sh>1 = 2 K r°V s ° h ,o ■ 

We proceed with the discussion of two-point vertex for the 
spin-1 anomalous shadow field. The gauge invariant two- 
point vertex we find takes the form 



T = J d d x 1 d d x 2 Ti2 



(4.8) 



ris 



2\x l2 \^+ d 

+ E " x 



A=±l 



2|a;i2| 2K + d - 2A 
1 



</>sh,A(a;i)0 s h : A(^2) , (4.9) 



2K(2«: + rf-2) ' 
w_i = 2(k + l)(2/e + d) . 



|2 _ o _a 

[ -12 x 12 ' 



-12 



(4.10) 



(4.11) 



One can check that this vertex is invariant under the gauge 
transformations of the spin- 1 anomalous shadow field given in 
(14. 4t -( 14.61 ). Also, we check that the vertex is invariant under 
the conformal algebra transformations. 

The kernel of the vertex Y is related to a two-point corre- 
lation function of the spin-1 anomalous conformal current. In 
our approach, the spin-1 anomalous conformal current is de- 
scribed by gauge fields given in (13.lt . Therefore, in order to 
discuss the correlation function of the anomalous conformal 
current in a proper way, we should impose a gauge condition 
on the gauge fields in ( 13. 11 ). 5 We have considered the spin-1 



5 We note that, in the gauge invariant approach, correlation functions of 
the conformal current can be studied without gauge fixing. To do that one 
needs to construct gauge invariant field strengths for the gauge potentials 
^cur 0' 0cur,±i- Study of field strengths for the conformal current is be- 
yond the scope of this paper. Recent interesting discussion of method for 
building field strengths may be found in Refs.jUHll]. 



anomalous conformal current in the Stueckelberg and light- 
cone gauge frames. This is to say that correlation function 
of the spin-1 anomalous conformal current in the Stueckel- 
berg and light-cone gauge frames can be obtained from the 
two-point vertex Y taken in the respective Stueckelberg and 
light-cone gauge frames. To this end we now discuss the spin- 
1 anomalous shadow field in the Stueckelberg and light-cone 
gauge frames. 

B. Stueckelberg gauge frame 

For the spin-1 anomalous shadow field, the Stueckelberg 
gauge frame is achieved through the use of differential con- 
straint (14.3b and the Stueckelberg gauge condition. From 
(14.5b . we see that the scalar field s h,-i transforms as Stueck- 
elberg field, i.e., this field can be gauged away via Stueckel- 
berg gauge fixing, 



sh.-l — . 



(4.12) 



Using this gauge in (14.31 ). we see that the remaining scalar 
field 6^ i can be expressed in terms of the vector field q, 

^h,i = --L^S,.o- (4-13) 



Thus we see that the use of gauge symmetry and differential 
constraint reduces field content of our approach d4.lt to the 
one in the standard approach. In other words, the gauge sym- 
metry and differential constraint make it possible to match our 
approach and the standard formulation of the spin-1 anoma- 
lous shadow field. 

We proceed with the discussion of Stueckelberg gauge fixed 
two-point vertex of the spin-1 anomalous shadow field, i.e. we 
relate our vertex (14.8b with the one in the standard approach to 
CFT To this end we note that vertex of the standard approach 
to CFT is obtained from our gauge invariant vertex (14.81 ) by 
plugging Stueckelberg gauge condition (14.12t and solution to 
differential constraint (14.13t into d4.9t . Doing so, we find that 
two-point density Yi 2 ( 14. 9t takes the form (up to total deriva- 
tive) 

nStuck.g.fram 



r 



12 



h. pstand 



Y 



stand 
12 



Ch(^)0?2 b €h(£2) 



Fl2 



(4.14) 
(4.15) 
(4.16) 

2(2 K + rf-2)' (4 ' 1?) 

where rf 2 and ( 14.15t stands for the two-point vertex of the 
spin-1 anomalous shadow field in the standard approach to 



Oil = v 
h = 



0™a 6 
ab _ zx 12 x 12 

\x 12 \ 2 
2n + d 
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CFT. From (14.14b . we see that our gauge invariant vertex taken 
to be in the Stueckelberg gauge frame coincides, up to nor- 
malization factor ki, with the two-point vertex in the standard 
approach to CFT. As we have demonstrated in Sec lHIBl in 
the Stueckelberg gauge frame, we are left with the vector field 
<fi® UT Q. Two-point correlation function of this vector field is 
deined by the kernel of vertex r stand ( 14.151 ). 

C. Light-cone gauge frame 

For the spin-1 anomalous shadow field, the light-cone 
gauge frame is achieved through the use of light-cone gauge 
and differential constraint ( 14.31 ). Taking into account gauge 
transformation of the field J4.4I ), we impose the light- 
cone gauge, 



* s + h,o = 0. 



(4.18) 



Using this gauge in differential constraint ( 14.3b . we obtain so- 
lution for dr. , 



"sh,0 



sh.O 



,,0(1 



d+ 



y s h,i 



r oo 
d+ 



□< 



>sh,-l 



We see that we are left with vector field 



•sh,0 



(4.19) 
and the scalar 



fields 0sh.±i- These fields constitute the field content of the 
light-cone gauge frame. Note that, in contrast to the Stueck- 
elberg gauge frame, the scalar fields (j> s h,±i become indepen- 
dent field D.o.F in the light-cone gauge frame. 

Using ( 14.18b in ( 14.91 ) leads to light-cone gauge fixed vertex 

p (l.c.) _ ^h.O^O'/'sh.O^) 



2\x 12 \ 2K+d 



A=±l 



2|a;i2| 2K + d - 2A 



(j>s\i,\{xx)4> s h.,\{x2} , (4.20) 



where lj\ are given in (14.101 ). As in the case of gauge invariant 
vertex ( 14.91 ), light-cone vertex ( 14.20b is diagonal with respect 
to the fields <fil h Q and (j> s h,± 1 ■ Note however that, in contrast to 
the gauge invariant vertex, the light-cone vertex is constructed 
out of the fields which are not subject to any constraints. 

Thus, as we have promised, our gauge invariant vertex 
gives easy and quick access to the light-cone gauge vertex. 
All that is required to get light-cone gauge vertex ( 14.20b is to 
replace the so(d— 1, 1) Lorentz algebra vector indices appear- 
ing in gauge invariant vertex ( 14.9b by the vector indices of the 
so(d — 2) algebra. 

Kernel of the light-cone vertex gives two-point correlation 
function of the spin- 1 anomalous conformal current taken to 
be in the light-cone gauge. Defining two-point correlation 
functions of the fields 0* ur , C ur.±i in a usual way, 



•.ofcO.^Lr.ofca)) = 



5 2 T (l.c.) 



^sh.O^lWsh^) 



S 2 T^ 



(4.21) 



A = ±1, and using (14.20b . we obtain the two-point light-cone 
gauge correlation functions of the spin-1 anomalous confor- 
mal current, 



(^cur.O^O'^cur.oO^)) 



\Xl2 



2n+d 



(4.22) 



\Xl2 



2n+d+2\ 



A = ±1, where lj\ are given in (14. 101 ). 

V. SPIN-2 ANOMALOUS CONFORMAL CURRENT 

A. Gauge invariant formulation 

To discuss gauge invariant formulation of spin-2 anomalous 
conformal current in fiat space of dimension d > 4 we use one 
rank-2 tensor field, two vector fields, and three scalar fields, 



f^ab 



(5.1) 



The fields c/)^, ^>" ur ±1 and 4> C ur,o, 4>cur,±2 transform in the 
respective rank-2 tensor, vector and scalar representations of 
the Lorentz algebra so(d — 1,1). Note that the tensor field 
4>cLo is symmetric 4>^ 1%0 = <^r,o and traceful </)™ lfi ^ 0. 
We note that fields ( 15.11 ) have the conformal dimensions 



A, 



A, 



- + k + A , A = ±1 . 
2 



k + A, A = 0,±2, 



(5.2) 



where n is a dimensionless parameter. In the framework of 
AdS/CFT correspondence k is related to the mass parameter 
771 of spin-2 massive AdS field as 6 



d 2 



(5.3) 



We now introduce the following differential constraints: 



1 



u ^cunO 2 ™cur,0 ' " z u r C ur 



00nJ,a 1 JOin _ n 

1 + r C Yew,! — U ' 



(5.4) 



6 Parameter k for spin-2 field )5.3t should not be confused with the one for 
spin-1 field {53). 
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(5.5) 



(5.6) 



„oo _ 



2K + d\l/2 



4k 



.m 



/(2K + d)(«- l)d\V 2 
Uk(k + l)(d- 2)/ 

2K + d- 2\V2 



r c °° = 



4(«- 1) 
2k- d\ 1/2 



(5.7) 



4k 

10 _ / 2k- d + 2 y/2 
c "I 4( K +1) i ' 

01 = / (2/c-d)(*c + l)d \V 
r<; ~ Uk(k- l)(d-2)7 



One can make sure that these differential constraints are in- 
variant under the gauge transformations 



iab 



— r) a t b -I- f)°P a 
Q ~ u Scur.O ' u Scur,0 

2r 00 , 2r™ , 

V D ?cur -1 4- 3 -T) 4 curj i 



(5.8) 



d-2 ' ^ ' d-2 

<^cur,-l = 5 f 'Ccur,-l — r z°£cur,0 i 

<%r,l = 5 a ecur,l-r c 00 DC I% o, 
Hour -2 = -V^r^^cur,-! , 
<^W,0 = -r° 1|=l £cur,-l - ^°£ C ur,l , 
50cur,2 = -\/2rJ DCcur,l , 

where £" ur , £ CU r,±i are gauge transformation parameters. 

To complete our gauge invariant formulation we find real- 
ization of the operator R a on space of gauge fields ( 15.11 ). 

iT^o = -2 K r°V b 4 C ur,-i +V ac <f>lr,-i) 
4(«-l)r°° hcMa 



d-2 

->a ±b o,/o7„. i\«01^a6. 



-2(K+l)ri°r, ab cur , o , (5.9) 

i?>cur,-2 =0, 

i?> CUI ,o = -2(K-l)r c 01 C ir ,-i, 



i?> CUI , 2 = -2V2(K 4- l)^Vcur,l ■ 

Using d5.9K we check that constraints d5.4t -( |5T6l > are invariant 
under conformal algebra transformations d2.4| ). 



B. Stueckelberg gauge frame 

For the spin-2 anomalous conformal current, the Stueck- 
elberg gauge frame is achieved through the use of differen- 
tial constraints d5.4t >-( T5~6T > and Stueckelberg gauge condition. 
From fl5.8l ), we see that the vector field 0" ur _ t and the scalar 
fields C ur,-2, 0cur.o transform as Stueckelberg fields, i.e., 
these fields can be gauged away via Stueckelberg gauge fix- 
ing, 



-1=0: 



»cur,-2 



= o, 



,r,0=0. (5.10) 



Using gauge conditions ( 15.101 ) in constraint d5.5t , we find that 
the field 0"* r becomes traceless, while using gauge condi- 
tions ( 15. lOt in constraints d5.4t . d5.6T l, we find that the remain- 
ing vector field $f ur x and the scalar field CUI% 2 can be ex- 
pressed in terms of the rank-2 tensor field 0"„ r , 



y cur,0 



0. 



^b iab 



"cur.O ' 



(5.11) 



£>cur,2 — 



^ r oo r io 



d a d 



,b ±ab 
y cur,0 ' 



Relations d5.10l ), d5.111 l provide the complete description of 
the Stueckelberg gauge frame for the spin-2 anomalous con- 
formal current. We note that the traceless rank-2 tensor </>"m o 
can be identified with the one in the standard approach to CFT. 

Thus, we see that the gauge symmetries and the differential 
constraints make it possible to match our approach and the 
standard one, i.e., by gauging away the Stueckelberg fields 
( 15. 10b and by solving differential constraints d5.4-b - d5.6b we 
obtain the standard formulation of the spin-2 anomalous con- 
formal current. 



C. Light-cone gauge frame 

For the spin-2 anomalous conformal current, the light-cone 
gauge frame is achieved through the use of differential con- 
straints d5 .4b - (T5~6b and light-cone gauge condition. 

Using the gauge transformations of the fields <$™J r , 



J CUT,± 



1 d5.8l ), we impose the light-cone gauge, 



= 0. 



= 0. 



A = ±l. 



(5.12) 
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Plugging this gauge in differential constraints d5.41 >-( l5T6*l i. we 
find 



A^ hA = -- K + A, A = ±l. 



(6.2) 



,o = 0, 



,,0(1 



,.0(1 



^cur,0 = — ^+^cur,0 — ~q+ '-'^'cur,— 1 — ~q+Wc\h i • 



_ in) 1 , 2rfd l i 

''curjO 9+9+ cur >° ^ 9+9+ '~' < ^ >cur ! — 1 ~ T " Q+ Q+ ^cur,l 



2r oo 9 i 



V2r 



00„10 
z <z m 2 



9+9^ 



n 0cur,-2 



9+5+ ' 



r oo r oi + r oo r io 



9+9+ 



9' 



,,01 



y cur,-l - -g+^ur.-l D 0cur,-2 ~ T^j:9>cur,0 , 
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0cur,l - _ a+<?>cur,l ~ ^+ D <?W,0 7^— 0cur,2 ■ 

(5.13) 

We see that we are left with so(d — 2) algebra traceless rank-2 
tensor field, two vector fields, and three scalar fields, 



k l 3 

y cur,0 



(5.14) 



Vcur,-1 Vcur.l 
'/'cur, -2 0cur,O ^cur,2 

which constitute field content of the light-cone gauge frame. 

VI. SPIN-2 ANOMALOUS SHADOW FIELD 
A. Gauge invariant formulation 

To discuss gauge invariant formulation of spin-2 anomalous 
shadow field in flat space of dimension d > 4 we use one 
rank-2 tensor field, two vector fields, and three scalars fields, 



lab 
9 sh,0 



w sh,-l 



sh.l 



(6.1) 



3811,-2 



sh,0 



sh,2 



The fields <^"£ o> ^sh ±i anc ^ ^sh,o, 0sh,±2 transform in the re- 
spective rank-2 tensor, vector and scalar representations of the 
Lorentz algebra so(d— 1, 1). Note that the tensor field (f>^ is 
symmetric <^ = and traceful <^o ^ 0. Conformal 
dimensions of the fields are given by 



AiaS = K . 



In the framework of AdS/CFT correspondence, k is related to 
the mass parameter m of spin-2 massive AdS field as in ( 15.31 ). 
We now introduce the following differential constraints: 



9 



b iab 
''sh.O 



1 



5>lo + ^° n ^h,-i+«h,i = 0, 



00 j a 



(6.3) 

a a Ch,-i + ^?VXo + V2rJ°a^h,- a + riVsh.o = 0, 

(6.4) 

0°<&,i + ^"°DCo + »f D&m + V2r°Vsh, 2 = , 

(6.5) 

where the parameters r™ n and r™ n are given in ( I5.7I ). One 
can make sure that these constraints are invariant under the 
gauge transformations 

^sh,o = d a 4 fc hi0 + 9 6 Csh,o 

2r 00 , 2r°° , 



d-2 



d-2 



(6.6) 



<%,-i - d a U,-i - r c 00 Ch,o , 

5Ch,i = ^sh,i-r° aa,o, 

*^h,_2 - -V2rJ°&h,_i , 

<5</>sh,0 = -rg^i - r 2 10 D£sh.-i , 

<5</> s h,2 = -V2r° x , 

where , £ s h,±i are gauge transformation parameters. 

We then find that a realization of the operator R a on fields 
d6.lt takes the following form: 



r>a i be n „uu/ ab ±c , _ac i& \ 

^4h,o = 2Kr ((l 9 > s h,-i+ J 7 <P s h,-i) 



„00 / a6 J. c 



ac / 6 



4(k+ l)r 00 



d-2 



(6.7) 



^Vsh.-i = 2V2(« + l)rJVVsh,-2 , 
i?> s b hil =r°°(2 K < -^V s C h,o) 
+ 2(/s-l)rJS°W. 

i?>sh,-2 = , 

fl°^h,o = 2(K + lHV5 1 ,-i' 

fl &h,3 = 2>/2(« - lJrJVSa ■ 

Using ( I6.71 i. we check that constraints ( I6.3b - d6.5b are invariant 
under transformations of the conformal algebra. 
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We proceed with the discussion of two-point vertex for the 
spin-2 anomalous shadow field. The gauge invariant two- 
point vertex we find takes the form given (14.8b . where the 
two-point density T12 is given by 



E 

A=±l 



2\x 12 \ 2 *+ d - 2X 



fi,o(ii)fi,ofe) 



E 

A=0,±2 



2b 12 l 2 «+ d - 2A 



^ S h,A(a;i)^ s h,A(^2) , (6.8) 



1 



2tt(2n + d- 2) ' 
cj_i = 2(«+l)(2/c + d), 
1 

w 2 



w = 1 



(6.9) 



4k(k - 1)(2k + d - 2)(2« + d - 4) ' 
cj_ 2 =4(K + l)(K + 2)(2/c + d)(2« + d+2). 

We check that this vertex is invariant under both gauge trans- 
formations ( 16.61 ) and global conformal transformations of the 
spin-2 anomalous shadow field. Remarkable feature of the 
vertex is its diagonal form with respect to the gauge fields en- 
tering field content ( 16. U . 

B. Stueckelberg gauge frame 

For the spin-2 anomalous shadow field, the Stueckelberg 
gauge frame is achieved though the use of differential con- 
straints ( I6.3b -( f675b and Stueckelberg gauge condition. From 
gauge transformations ( 16.6b . we see that the vector field 
_j and the scalar fields s h,_2, <^sh,o transform as Stueck- 
elberg fields, i.e., these fields can be gauged away via Stueck- 
elberg gauge fixing, 



y sh,-l 



0. 



sh,-2 



0. 



sh.O 



0. 



(6.10) 



Using gauge conditions ( 16.101 ) in constraint ( 16.41 ). we find that 
the field (j>^ becomes traceless, while using gauge condi- 
tions ( 16.10b in constraints d6.3l ).( l6.5l ) we find that the remain- 
ing vector field (f>^ h 1 and the scalar field s h.2 can be ex- 
pressed in terms of the rank-2 tensor field <j>^ , 



iaa 
°sh,0 



y sh.l 



Osh.2 



0, 



f) b .-h ab 
? ,00 ° ^sh,0 i 



(6.11) 



V2r 



sh,0 • 



-d a d 



Relations ( 16.101 ). ( 16.1 lb provide the complete description 
of the Stueckelberg gauge frame for the spin-2 anomalous 
shadow field. 

Plugging (POl ( t67TTb in (16.8b . we find that our Ti 2 ( 16.8b 
takes the form (up to toal derivative), 



-pStuck.g.fram _ . -pstand 
1 12 — K 2l 12 



(6.12) 



Fl2 



2n + d + 2 
4(2 K + rf-2) 



(6.14) 



where 0\\ is defined in P~T6b . while rf 2 and ( 1643] ) stands for 
the two-point vertex of the spin-2 anomalous shadow field in 
the standard approach to CFT. From ( 16.12b . we see that our 
gauge invariant vertex taken to be in the Stueckelberg gauge 
frame coincides, up to normalization factor &2, with the two- 
point vertex in the standard approach to CFT. Kernel of ver- 
tex r stand ( 16.131 ) defines two-point correlation function of the 
spin-2 conformal conformal current taken to be in the Stueck- 
elberg gauge frame. 



C. Light-cone gauge frame 

For the spin-2 anomalous shadow field, the light-cone 
gauge frame is achieved through the use of differential con- 
straints d6.3b - d6.5b and light-cone gauge. Taking into account 
the gauge transformations of the fields o> 0sh ±i gi ven m 
( 16.6b . we impose the light-cone gauge condition, 



h +a — 



A = ±1. 



(6.15) 



Plugging this gauge condition in constraints d6.3b - d631 l, we 
find 



"sli 



= 0, 



y sh,0 



m _ _L 



,.uo 



□ 



d l d j 



2r°°d l 



2rfd i xi 



'C 



-□« 



V2r°°r 10 



C C □ 2 ^sh.-2 



d+d 



„00„01 i „00„10 

' Z '( "T ' Q ' Z 



V2rf>rf_ 
d+d+ 



0sh,2 



□( 



'sh.O : 



,.01 



V2rf 



sh.l = -Q+'Psh,! - -^- D </W0 g 



L>sh,2 ■ 



(6.16) 
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We see that we are left with the so(d — 2) algebra traceless 
rank-2 tensor field, two vector fields and three scalar fields, 



9 sh,0 



w sh,-l 



sh,l 



(6.17) 



t>sh.-2 



sh,0 



sh.2 



which constitute a field content of the spin-2 anomalous 
shadow field in light-cone gauge frame. Note that, in con- 
trast to the Stueckelberg gauge frame, the vector fields and the 
scalar fields become independent field D.o.F in the light-cone 
gauge frame. 

Using ( 16.151 ) in ( 16.8b , leads to light-cone gauge fixed vertex 

1 2^Td€h, ( a; l)^io( a; 2) 



,(u.; 

12 



4|ac 



12| 



Si ^ 



E 

A=0,±2 



0J\ 



2«+d-2A 



2 \ Xl2 \2K+d-2X 



<f>sh,\(%l)4>sh,\(x2) , (6.18) 



where uj\ are defined in ( 16.91 1. We see that, as in the case of 
gauge invariant vertex d6.8l ), light-cone vertex ( 16.181 1 is diago- 
nal with respect to the fields entering the field content of light- 
cone gauge frame ( 16. 17b . Note however that, in contrast to the 
gauge invariant vertex, the light-cone vertex is constructed out 
of the fields ( 16.171 1 which are not subject to any differential 
constraints. 

As before, we see that our gauge invariant vertex gives easy 
and quick access to the light-cone gauge vertex. Namely, all 
that is required to get light-cone gauge vertex ( 16.181 1 is to re- 
move trace of the tensor field <f& Q and replace the so(d—l, 1) 
Lorentz algebra vector indices appearing in gauge invariant 
vertex d6.8l > by the vector indices of the so(d — 2) algebra. 

Kernel of light-cone vertex d6.181 l gives two-point correla- 
tion function of the spin-2 anomalous conformal current taken 
to be in the light-cone gauge. Defining two-point correla- 
tion functions for light-cone fields of the anomalous confor- 
mal current ( 15.141 ) in usual way 

<5 2 r('- c ') 

<Cr,o(zi)^cur,0^2)) 



r,x( X l)^ cm ,x( X ^) 



{(f>cur,x( x l),<l>CUT,x( X 2)) 



we obtain 



^lo(zi«,o(^) 

,5 2 r('- c -) 

S(/) s h,-\(xi)S(j) s b.-x(x2) 



(6.19) 



i 



\Xl2 



2K+d 



t,x{xx),(jp x {x 2 )) = 



a,x(.Xi),(f> cnl! x(x2)) = 



W-A 



X12 



2K+d+2A 



S» , (6.20) 



W-A 



\Xl2 



2«+d+2A 



where u>\ are defined in (16.91 ) and we use the notation 

U ij;kl = 1 (fiikfijl + S il S jk _ J^_ § ij§kl^ (6 21) 



VII. TWO POINT CURRENT-SHADOW FIELD 
INTERACTION VERTEX 

We now discuss two-point current-shadow field interaction 
vertex. In the gauge invariant approach, the interaction ver- 
tex is determined by requiring the vertex to be invariant un- 
der both gauge transformations of currents and shadow fields. 
Also, the interaction vertex should be invariant under confor- 
mal algebra transformations. 

Spin-1. We begin with spin-1 fields. Let us consider the 
following vertex: 



£ — '/'cur.O^sh.O 



Ccur,-l<?>sh,l 



!>cur,l<?>sh,-l 



(7.1) 



Denoting the left hand side of (14.31 ) by C s h we find that under 
gauge transformations of the current d3.6b - d3.81 ) the variation 
of vertex d7.U takes the form (up to total derivative) 



"£cur,oCsh . 



(7.2) 



From this expression, we see that the vertex L is invariant un- 
der gauge transformations of the current provided the shadow 
field satisfies differential constraint ((43). Denoting the left 
hand side of d3.4| ) by C cur we find that under gauge transfor- 
mations of the shadow field d4.4| )-( |4~6l l the variation of vertex 
d7.lt takes the form (up to total derivative) 



"£sh,()Cc 



(7.3) 



i.e., the vertex C is invariant under gauge transformations of 
the shadow field provided the current satisfies differential con- 
straint dl4l ). 

Making use of the realization of the conformal algebra sym- 
metries obtained in the Sections [HIIIVI we check that vertex L 
d7.U is invariant under the conformal algebra transformations. 

Spin-2. We proceed with spin-2 fields. One can make sure 
that the following vertex 



C = 



1 



,ab lab 



l 



2^cur,0^sh : V 



aa ibb 
'cur.ofsh.O 



E ^curA-X + <kur,A&h,-A (7-4) 



A=±l 



A=0,±2 



is invariant under gauge transformations of the spin-2 shadow 
field d6.61 ) provided the spin-2 current satisfies differential 



11 



constraints d5.4l )-( l5.6l ). Vertex (17.4b is also invariant under 
gauge transformations of the spin-2 anomalous current ( 15.8b 
provided the spin-2 shadow field satisfies differential con- 
straints ( |6.3t -( l6.5t . Using the representation for generators 
of the conformal algebra obtained in the Sections IVIVII we 
check that vertex C ( 17. 4b is invariant under the conformal al- 
gebra transformations. 



VIII. ADS/CFT CORRESPONDENCE. PRELIMINARIES 

We now study AdS/CFT correspondence for free mas- 
sive AdS fields and boundary anomalous conformal currents 
and shadow fields. To this end we use the gauge invariant 
CFT adapted description of AdS massive fields and modi- 
fied Lorentz and de Donder gauges found in Ref.[12]. It is 
the use of our fields and the modified Lorentz and de Don- 
der gauges that leads to decoupled form of gauge fixed equa- 
tions of motion and surprisingly simple Lagrangian 1 . Ow- 
ing these properties of our fields and the modified (Lorentz) 
de Donder gauge, we simplify significantly the computation 
of the effective action 8 . Note that the modified (Lorentz) de 
Donder gauge turns out to be invariant under on-shell leftover 
gauge symmetries of bulk AdS fields. Also note that, in our 
approach, we have gauge symmetries not only at AdS side 
but also at the boundary CFT. Therefore, in the framework of 
our approach, the study of AdS/CFT correspondence implies 
matching of: 

i) Lorentz (de Donder) gauge conditions for bulk massive 
fields and differential constraints for boundary anomalous 
conformal currents and shadow fields; 

ii) leftover on-shell gauge symmetries for bulk massive fields 
and gauge symmetries of boundary anomalous conformal cur- 
rents and shadow fields; 

iii) on-shell global symmetries of bulk massive fields and 
global symmetries of boundary anomalous conformal currents 
and shadow fields; 

iv) effective action evaluated on solution of equations of mo- 
tion with the Dirichlet problem corresponding to the boundary 
anomalous shadow field and boundary two-point gauge invari- 
ant vertex for anomalous shadow field. 

Global AdS symmetries in CFT adapted approach. Rel- 
ativistic symmetries of the AdSd+i field dynamics are de- 



7 Our massive gauge fields are obtained from gauge fields used in the stan- 
dard gauge invariant approach to massive fields by the invertible transfor- 
mation. Details of the transformation may be found in Appendices IAIBI 
Discussion of interesting methods for solving AdS field equations of mo- 
tion without gauge fixing may be found in Refs. l22tl23ll . 

8 We remind that the bulk action evaluated on solution of the Dirichlet prob- 
lem is referred to as effective action in this paper. 



scribed by the so(d, 2) algebra. In d-dimensional space, 
global symmetries of anomalous conformal currents and 
shadow fields are also described by the so(d, 2) algebra. 
To discuss global symmetries of anomalous conformal cur- 
rents and shadow fields we have used conformal basis of the 
so(d, 2) algebra (see (12.31 l). Therefore for application to the 
study of AdS/CFT correspondence, it is convenient to realize 
the relativistic bulk so(d, 2) algebra symmetries by using ba- 
sis of the conformal algebra. Most convenient way to achieve 
conformal basis realization of bulk so(d, 2) symmetries is to 
use Poincare parametrization of AdS space 9 , 



ds 2 = -^r(dx a dx a + dzdz) . 



(8.1) 



In this parametrization, the so(d, 2) algebra transformations 
of the massive arbitrary spin AdS field <fi take the form 5g<f) = 
G<fi, where realization of the so(d, 2) algebra generators G in 
terms of differential operators acting on <\> is given by 



P a = d a , 

jab = x agb ^fc ga + j^ab ^ 

D = xd + A , A = zd z 



K a = K% M + R a . 



d-1 



Ka,m = -^x 2 d a + X<>D + Mabxb ■ 



H - H m + H d) > 



(8.2) 
(8.3) 

(8.4) 
(8.5) 

(8.6) 
(8.7) 

(8.8) 



Operator Rf g) (18.7b does not depend on boundary coordinates 
x a , boundary derivatives d a , and derivative with respect to 
radial coordinate, d z . Operator i?" 0) acting on spin D.o.F. de- 
pends only on the radial coordinate z. Thus, we see all that is 
required to complete description of the global symmetries of 
AdS field dynamics is to find realization of the operator J?? D , 
on space of gauge AdS fields. 

AdS/CFT correspondence for spin-0 anomalous current 
and normalizable modes of scalar massive AdS field 10 . Be- 
cause use of modified Lorentz (de Donder) gauge makes study 
of AdS/CFT correspondence for spin-1 (spin-2) field similar 
to the one for scalar field we begin with brief review of the 
AdS/CFT correspondence for the scalar field. 

Action and Lagrangian for the massive scalar field in 



9 In our approach only so(d — 1, 1) symmetries are realized manifestly. The 
so(d, 2) symmetries could be realized manifestly by using ambient space 
approach (see e.g^ I24I426ID 

10 Also see Refs.Q. 
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AdSd+i background take the form 11 

S = J d d xdzC, (8.9) 

£ = \ VW\ (g^d^du® + m 2 $ 2 ) . (8.10) 

In terms of the canonical normalized field <f> defined by rela- 
tion $ = zt^, the Lagrangian takes the form (up to total 
derivative) 



% = &, + -, 

Z 



4 



(8.11) 
(8.12) 

(8.13) 



Equation of motion obtained from Lagrangian ( 18.111 ) takes the 
form 



□,0 = 0. 



Normalizable solution of equation ( 18.141 ) is given by 

<j)(x,z) = U s v c <j) cm {x) , 

Ul c = h v ^qJ v {zq)q-^ + ^ , 



2T(i/ + l), 



□ . 



(8.14) 
(8.15) 

(8.16) 
(8.17) 
(8.18) 



where J v stands for the Bessel function. The asymptotic be- 
havior of solution ( 18.161 ) is given by 



(x,z) z -^> z u+ z (f> CUT (x) , 



(8.19) 

i.e., we see that spin-0 current <fi CUI is indeed boundary value 
of the normalizable solution. 

In the case under consideration, we have no gauge sym- 
metries and gauge conditions. Therefore all that is required 
to complete AdS/CFT correspondence is to match bulk global 
symmetries of the AdS field <fi(x,z) and boundary global sym- 
metries of the current <fi C ur(x). Global symmetries on AdS 
side and CFT side are described in dOt-dOt and ||23l-dX8l 
respectively. We see that the Poincare symmetries match au- 
tomatically. Using the notation D AdS and D CFT to indicate 
the respective realizations of D symmetry on bulk fields ( 18.4b 
and conformal currents ( 12.71 ) we obtain the relation 



D, 



(x,z) = U* c D CFT (f> CUI (x) , 



(8.20) 



where the expressions for D CFT corresponding to <f> CUT can 
be obtained from ( 12.71 ) by using A = | + v with v given 
in ( 18.13b . Thus, D symmetries of <f>(x,z) and (f> CUT (x) also 
match. To match the K a symmetries in ( 12.8b and ( 18.5b we 
note that the respective operators Rf 0) and R a act trivially, 
R® 0) (j)(x, z) = 0, R a 4> CUI (x) = and then make sure that the 
K a symmetries also match. 

AdS/CFT correspondence for spin-0 shadow field and 
non-normalizable modes of scalar massive AdS field. 
Following the procedure in Ref.|28], we note that non- 
normalizable solution of equation ( 18.141 ) with the Dirich- 
let problem corresponding to boundary shadow scalar field 
4> s h(x) takes the form 

cj)(x,z) = a [ d d yG,(x~y,z)^ sh (y), (8.21) 



G w (x,z) 



c v z 



(z 2 + |x| 2 ) 



(8.22) 



(8.23) 



" ~ 7r<V 2 i» 

To be flexible, we use normalization factor a in d8.2U . For the 
case of scalar field, commonly used normalization in (18.21b is 
achieved by setting a = 1. Asymptotic behaviors of Green 
function J8.22b and solution (18. 21b are well known, 



G v [x, z) 
cf>(x, z) 



S d (x) , 



Z l ' +} Z(T(j) sh {x) . 



(8.24) 
(8.25) 



From (18.25b . we see that our solution has indeed asymptotic 
behavior corresponding to the shadow scalar field. 

Using equations of motion d8.14b in bulk action ( |8.9b with 
Lagrangian ( 18.1 lb we obtain the effective action given by 12 



Sett 



-cir 



d a xC 



elf 



2^-1 



(8.26) 



(8.27) 



Plugging solution of the Dirichlet problem ( 18.211 ) into 
1.26b , (18.27b . we obtain the effective action 



— 5 e ff = VC V (J / d X\d X2 



,d (I>sh(xi)(j) s h(x2) 



\Xl2 



2u+d 



(8.28) 



Using the commonly used value of a, a = 1, in ( 18.281 ). 
we obtain the properly normalized effective action found in 
Ref s. J29L [3oll . Interesting novelty of our computation of S e s 
is that we use Fourier transform of the Green function. Details 
of our computation may be found in Appendix C in Ref.llst]. 



11 From now on we use, unless otherwise specified, the Euclidian signature. 



12 Following commonly used setup, we consider solution of the Dirichlet 
problem which tends to zero as z — > 00. Therefore, in )8.26t , we ignore 
contribution to S c g when z = 00. 
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IX. ADS/CFT CORRESPONDENCE FOR SPIN- 1 FIELDS 

We now discuss AdS/CFT correspondence for bulk spin-1 
massive AdS field and boundary spin-1 anomalous conformal 
current and shadow field. To this end we are going to use CFT 
adapted gauge invariant Lagrangian and the modified Lorentz 
gauge condition [12] 13 . Because our approach is closely re- 
lated with gauge invariant approach to massive field we start 
with brief review of the latter approach. 

Gauge invariant approach to spin-1 massive field in 
AdSd+i space. In gauge invariant approach, spin-1 massive 
field is described by fields 

$ A , $, (9.1) 

which transform in the respective vector and scalar represen- 
tations of so(d, 1) algebra. In the Lorentzian signature, La- 
grangian given by 

e -l£ = — — pABjpAB _ }_pApA 

4 2 

pAB = V A^B _ V B^A ^ 

F A = V A <P + m<i> A , (9.2) 

is invariant under the gauge transformations 

§q> A = V A E ^ S q = _ mE (9 3) 

Details of our notation may be found in Appendix [A] La- 
grangian ( 19.2b can be cast into the form which is more conve- 
nient for our purposes, 

e~ 1 £ = -^ A (V 2 -m 2 + d)t> A 

+ i$(P 2 - m 2 )<f> + \cl , (9.4) 
C at = V c <$> c + m$ . (9.5) 

A. CFT adapted gauge invariant approach to spin-1 massive 
field in AdSd+i 

In our approach, the spin-1 massive AdS field is described 
by fields 

a , 01, (9-6) 

which are the respective vector and scalar fields of the so{d) 
algebra. Fields in d9.6b are related by invertible transformation 



For spin-1 massless field, the modified Lorentz gauge was found in 
Ref. 13111 . while for massless arbitrary spin field the modified de Donder 
gauge was discovered in Ref. [331. 



with fields in d9.lt (see Appendix |AV CFT adapted gauge 
invariant action and Lagrangian for field d9.6b take the form, 

S = J d d xdzC, (9.7) 
+ \ E (l^l 2 + I^-H^aI 2 ) - \c 2 , (9.8) 

A=±l 

C ee d a r + r°°T K+ i 0i + r°° T_ K+ i 0-i , (9.9) 

where % is given in (18. 12b . while k and r°°, r°° are defined 
in (13.3b and (13.5b respectively. Lagrangian (19.8b is invariant 
under gauge transformations 

S(f,°=d a t, (9.10) 
64>- 1 =r™T lt -i£, (9.11) 

6<h. = rfT_ K _r£, (9.12) 

where £ is a gauge transformation parameter. Details of the 
derivation of Lagrangian ( 19.8b from the one in ( 19.4b may be 
found in Appendix lAl 

Gauge invariant equations of motion obtained from La- 
grangian ( 19.8b take the form 

□ K a -d a C = 0, 

□ K -i0_i-rfT K _xC = O, (9.13) 

□K+i0i-r c oo 71 K _iC = O, 

where the operator □„ is given in ( 18. 15b . 
Global AdS symmetries in CFT adapted approach. 

General form of realization of global symmetries for arbitrary 
spin AdS field was given in d8.2b - d8.5b . All that is required to 
complete description of the global symmetries is to find real- 
ization of the operator i2" . on space of gauge fields. For the 
case of spin-1 massive field, realization of the operator J?" 
on space of gauge fields d9.6b is given by 

i?^0 h = z,A°% + z, 7 a V° o 0_i, 

^o,0-i = -zr° z °r, (9.14) 

i^ o) 0i = -zr°><\ 

Modified Lorentz gauge. Modified Lorentz gauge is de- 
fined to be 

C = 0, modified Lorentz gauge , (9.15) 

where C is given in d9.9b . Using this gauge condition in equa- 
tions of motion ( 19. 1 3b gives simple gauge fixed equations of 
motion, 

□ K a = 0, 
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(9.16) 

□ K+A 0A = O, A = ±l. 

Thus, we see that the gauge fixed equations of motion are de- 
coupled. 

We note that the modified Lorentz gauge and gauge-fixed 
equations have leftover on-shell gauge symmetry. Namely, 
modified Lorentz gauge d9.15t and gauge-fixed equations 
d9.16t are invariant under gauge transformations given in 
( 19. 10b - d9TT2l > provided the gauge transformation parameter 
satisfies the equation 

□«£ = 0. (9.17) 

B. AdS/CFT correspondence for anomalous current and 
normalizable modes of massive AdS field 

We now ready to discuss AdS/CFT correspondence for 
spin-1 massive AdS field and spin-1 anomalous conformal 
current. We begin with analysis of normalizable solution 
of equations ( 19.161 ). The normalizable solution of equations 
( |9.16l l takes the form 

(j) a {x,z) = U K 4£ mfi (x), 

<f>-l(x,z) = -C4-l</>cur,-l(x), (9.18) 

<f>i(x,z) = U K+ i<j> CUTt i(x) , 

U v = h K ^zqJ v {zq)q-^ + i\ (9.19) 
h K = 2 k T(k + 1) , q 2 = □ . (9.20) 

Note that we do not show explicitly dependence of U v on pa- 
rameter k ( 13.3b . The asymptotic behavior of solution d9.18t is 
given by 

<f>-i(x,z) ^ -2^-4^,-1(0;), (9.21) 

(f>i(x,z) —- 7T <j6 cur ,i(x). 

2(k + 1 ) 

From d9~2"TT i, we see that (fi® UT 0cur,±i indeed boundary 
values of the normalizable solution. In the r.h.s. d9.18t we 
use the notation (j)® UI , C ur,±i since we are going to demon- 
strate that these boundary values are indeed the gauge fields 
entering the gauge invariant formulation of the spin-1 anoma- 
lous conformal current in SecJIIT] Namely, one can prove the 
following statements: 

i) For normalizable solution d9.181 >, modified Lorentz gauge 
condition d9.15t leads to differential constraint ( 13.4-b of the 
spin- 1 anomalous conformal current. 



ii) Leftover on-shell gauge transformations d9.10t -( l9~T2l of 
normalizable solution (|9.18t lead to gauge transformations 
(l3.6b -( T3~8l of the spin-1 anomalous conformal current 14 . 

iii) On-shell global so(d, 2) symmetries of the normalizable 
modes of spin-1 massive AdSd+i field become global so(d, 2) 
conformal symmetries of the spin-1 anomalous conformal 
current. 

These statements can easily be proved by using the follow- 
ing relations for the operator U u : 

T v -iU v = U„-i, (9.22) 

T_„_iU„ = -U v+1 a , (9.23) 

T- v+i {zU v ) = -zUy+xU + 2V V , (9.24) 

a v (zU v+1 )=2U v , (9.25) 

which, in turn, can be obtained by using the following well- 
known identities for the Bessel function: 

T v J v = J v -i , T-vJv = —Jv+i ■ (9.26) 

Matching of bulk modified Lorentz gauge and boundary 
constraint. As an illustration, we demonstrate how differen- 
tial constraint for the anomalous conformal current (13.4-b can 
be obtained from modified Lorentz gauge condition d9.15l ). To 
this end, adapting relations d9.22t and ( |9.23t for the respective 
v = k + 1 and v = k — 1 we obtain the relations 

T R+i U K+1 = U K , T_ K+ xU K - X = -U K D . (9.27) 

Plugging solutions 4> a , <p ±1 (|9.18t in C ( |979l > and using d9.27| ) 
we obtain the relation 

C = U K C cur , (9.28) 

where C CUI stands for left hand side of (13.4-b . From d9.281 >, we 
see that our modified Lorentz gauge condition C = (19.15t 
leads indeed to differential constraint for the anomalous con- 
formal current ( 13.4-b . 

Matching of bulk and boundary gauge symmetries. As 
the second illustration, we demonstrate how gauge transfor- 
mations of the anomalous conformal current d3.6l )-( l3~8l can 
be obtained from leftover on-shell gauge transformations of 
massive AdS field ( 19. 10b - d97T2l >. To this end we note that 
the corresponding normalizable solution of equation for gauge 
transformation parameter d9.17t takes the form 

Z(x,z) = U K e aa , {x). (9.29) 



Transformations given in 19. 10t - i9. 12t are off-shell gauge transformations. 
Leftover on-shell gauge transformations are obtained from \9. l0\ - (9. 12) by 
using gauge transformation parameter which satisfies equation )9.17) . 
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Plugging cj> a d97T8T > and £ ( |9^9] > in d97TOb , we see that < |9"l0t 
leads indeed to ( I3.6l l. To match boundary gauge transforma- 
tion ( 13.7b and bulk gauge transformation (19. lit we plug solu- 
tion for £ d9.29b in bulk gauge transformation ( 19.1 It and adapt 
relation ( 19.221 for f = n to obtain 

50_i(a;,z) = r°°T K _iU K £ cut ,o(x) 

= U K -ir z £ cvirfi (x) (9.30) 

on the one hand. On the other hand, solution for <p_i d9.18b 
implies 

5<f>-i(x, z) = -U K -i5(f) CUI -i(x) . (9.31) 

Comparing d9.301 > and d9.31b we see that boundary gauge 
transformation ( 13.71 ) and bulk gauge transformation d9.1 It 
match. In the same way one can make sure that the remaining 
boundary gauge transformation ( 13.8b and bulk gauge transfor- 
mation d9.12| ) also match. 

Matching of bulk and boundary global symmetries. We 
note that representation for generators given in d8.2b - d831 ) is 
valid for gauge invariant theory of AdS fields. This to say 
that our modified Lorentz gauge respects the Poicare and di- 
latation symmetries, but break the conformal boost symme- 
tries (K a symmetries). In other words, expressions for gen- 
erators P a , J ab and D given in ( 18 .21 >- (I8 ,4b are still valid for 
the gauge-fixed AdS fields, while expression for the generator 
K a ( 18.5b should be modified to restore K a symmetries for the 
gauge-fixed AdS fields. Therefore, let us first to demonstrate 
matching of the Poincare and dilatation symmetries. What 
is required is to demonstrate matching of the so(d, 2) alge- 
bra generators for bulk AdS field given in d8~2t-d1T4t and the 
ones for boundary conformal current given in ( I2.5b -( f2/7b . As 
for generators of the Poincare algebra, P a , J ab , they already 
coincide on both sides (see formulas d2.51 l. d2.6b and the re- 
spective formulas d8.21 >. d8.31 >). Next, consider the dilatation 
generator D. Here we need explicit form of solution to bulk 
theory equations of motion given in d9.181 >. Using the nota- 
tion D AdS and D CFT to indicate the respective realizations of 
the dilatation generator D on bulk field d8.4| ) and boundary 
current d2.7b , we obtain the relations 

D Ads<t>-i( x > z ) = -U K -iD aFT <f> cut -i(x), (9.32) 

D Ads^( x ^ z ) = U K+ iD CFT (f) curA (x) , 

where D CFT corresponding to 0cur,O' <?Wr,-i, <t>cur,i can be 
obtained from d2.7b and the respective conformal dimensions 
(13.2b . Thus, the generators D AdS and D CFT also match. 

We now turn to matching of the K a symmetries. As we 
have already said our modified Lorentz gauge breaks the K a 



symmetries. To demonstrate this we note that K a transforma- 
tions of gauge fields d9.6b are given by 

K a (f) b = K A <p b + M abe 4> e 

K a <t>i = Kl4>x - zrfr - X -z 2 d a ^ , (9.33) 

K a J>^ = K A cj>^ - zrfr - iz 2 a>_! , 

where K a A and M abc are defined in dTHl d2~T3l while A is 
given in ( 18.4-b . Using these transformation rules we find that 
C (19.9b transforms as 

K a C = K a A+1 C - ^z 2 d a C - 2cj) a , (9.34) 

i.e., we see that the modified Lorentz gauge condition C = 
is not invariant under the K a transformations, 

K a C\ c=0 = -2<j> a . (9.35) 

This implies that generator K a given in ( 18.5b should be modi- 
fied to restore the K a symmetries of the gauge-fixed AdS field 
theory. To restore these broken K a symmetries we should, 
following standard procedure, add compensating gauge trans- 
formations to maintain the K a symmetries. Thus, in order to 
find improved K? mpl . transformations of the gauge-fixed AdS 
fields ( 19.6b we start with the generic global K a transforma- 
tions ( 19.33b supplemented by the appropriate compensating 
gauge transformations 

K? mpv cl> b = K a 4> b + d h e a , 

K? mpi <f>^ = K a cj>^ + r°°T re _i£ Ka , (9.36) 

where £ K stands for parameter of the compensating gauge 
transformations. Computing Kf mpl transformation of C 

K? mpi C = K a A+1 C - l -z 2 d a C - 2^ + n K £ Ka , (9.37) 

and requiring the K[ ' transformation to maintain the gauge 
condition C = 0, 

^f mpr C|c=o =0, (9.38) 

we get the equation for ^ K 

U K ^ Ka - 2(j) a = . (9.39) 

Thus, we obtain the non-homogeneous second-order differen- 
tial equation for the compensating gauge transformation pa- 
rameter £ K . Plugging normalizable solution ( 19. 1 8b in ( 19.39b 
we obtain the equation 

U^ Ka { Xl z) = 2U K <f> a cmfi {x). (9.40) 
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Using ( 19.251 ), solution to equation ( 19.401 ) is easily found to be 



£ K "(x,z) = zU R+1 (j) a cmfi {x) 



(9.41) 



Plugging ( 19.18b and d9.41| i in ( 19.361 ), we make sure that im- 
proved K-^pj. transformations lead to the conformal boost 
transformations for the spin-1 anomalous conformal current 
given in d2.4-b . d2.8b with operator R a defined in ( 13.9b . 



C. AdS/CFT correspondence for anomalous shadow field and 
non-normalizable mode of massive AdS field. 

We proceed to discussion of AdS/CFT correspondence for 
bulk spin- 1 massive AdS field and boundary spin- 1 anomalous 
shadow field. 

Matching of effective action and boundary two-point 
vertex. In order to find bulk effective action S e s we should, 
following the standard strategy, solve bulk equations of mo- 
tion with the Dirichlet problem corresponding to the bound- 
ary anomalous shadow field and plug the solution into bulk 
action. Using gauge invariant equations of motion d9.13b in 
bulk action d9.7b , we obtain the following effective action: 



d d xC. 



ctr 



(9.42) 



+A<PA 



A=±l 



- -(r z °Vi+r°Vi)C. (9.43) 

As we have already seen, use of the modified Lorentz gauge 
considerably simplifies the equations of motion. Now, using 
modified Lorentz gauge (19.15b in d9.43b . we obtain 



c=o 



(9.44) 



A=±l 



i.e. we see that C c s is also simplified. In order to find S c s we 
should solve gauge fixed equations of motion d9. 16b with the 
Dirichlet problem corresponding to the boundary anomalous 
shadow field and plug the solution into d9.44b . We now discuss 
solution to equations of motion ( 19. 16b . 

Because gauge fixed equations of motion d9.16b are similar 
to the ones for scalar AdS field d8.14b we can simply apply 
result in Sec. IVIIII This is to say that solution of equations 
(19.16b with the Dirichlet problem corresponding to the spin-1 
anomalous shadow field takes the form 

(/> a (x,z) = 01,0 / d d yG K (x-y,z)(f>Xo(y), 



(Tq-xJ d d yG K -!{x~ y,z)<f> shtl (y) , (9.45) 



(f>i(x,z) 



(JosJ d d yG K+ i{x 



y,z)<f>sh,-i(y). 



0-1,0 = 1 , 



O"0,-l 



O" ,l = 2«. 



(9.46) 



(9.47) 



2(k-1) ' 

where the Green function is given in d8.22b . 

Using asymptotic behavior of the Green function G v (18.24b . 
we find the asymptotic behavior of our solution 



4> a {x,z) 



<t>-x(x,z) 



(f>i(x,z) 



z- K+ ^^ (x), 



2(k- 1) 



(9.48) 



2kz 



~ 2 (/) sh ,-i(x) . 



From these expressions, we see that our solution has in- 
deed asymptotic behavior corresponding to the spin- 1 anoma- 
lous shadow field. Note that because the solution has non- 
integrable asymptotic behavior d9.48b . such solution is re- 
ferred to as the non-normalizable solution in the literature. 

We now explain the choice of the normalization factors 
0-1,0) oo,±i in (19.46b , d9.47b . The choice of a\ t o is a mat- 
ter of convention. Following commonly used convention, we 
set this normalization factor to be equal to 1 . The remaining 
normalization factors <7o.±i are then determined uniquely by 
requiring that the modified Lorentz gauge condition for the 
spin-1 massive AdS field (19.15b be amount to the differential 
constraint for the spin-1 anomalous shadow field d4.3b . With 
the choice made in d9.46b , d9~47| ) we find the relations 

3"^ = / d d yG K (x~y,z)d a cj ) % (y), 
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d d yG K (x - y,z)0 shA (y), 



T K+ ^i = J d d yG fi (x-y,z)afc K _ 1 (y). 



(9.49) 



From these relations and (19.9b . we see that our choice of oi,±i 
( 19.47b allows us to match modified Lorentz gauge for the spin- 
1 massive AdS field (19.15b and differential constraint for the 
spin-1 anomalous shadow field given in d4.3b . We note the 
helpful relations for the Green function which we use for the 
derivation of relations (19.49b , 



T_ K+ i G K -i = -2(k - 1)G K , . 
T K+ i G K+ i = i^pG K , 



(9.50) 



where G v = G v {x — y, z). 

All that remains to obtain S c g is to plug solution of the 
Dirichlet problem for AdS field d9~45l l into d942l , d9~44l ). Us- 
ing general formula given in d8.28b . we obtain 



S e s = 2kc k T , 



(9.51) 
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where k and c K are defined in d3.3b . d8.23b respectively and T 
is gauge invariant two-point vertex of the spin-1 anomalous 
shadow field given in ( t4.8Kd4.9t . 

Thus we see that imposing the modified Lorentz gauge on 
the spin-1 massive AdS field and computing the bulk action on 
the solution of equations of motion with the Dirichlet prob- 
lem corresponding to the boundary anomalous shadow field 
we obtain the gauge invariant two-point vertex of the spin-1 
anomalous shadow field. 

Because in the literature S e g is expressed in terms of two- 
point vertex taken in the Stueckelberg gauge frame, r stand 
(14. 15b , we use ( 14.14b and represent our result ( 19.51b as 



k(2k 



pstand 



2n + d-2 



(9.52) 



This relation was obtained in Ref.[10]. The fact that S e s is 
proportional to r stand is expected because of the conformal 
symmetry, but for the systematical study of AdS/CFT corre- 
spondence it is important to know the normalization factor 
in front of r stand ( 19.52b . Our normalization factor coincides 
with the one found in Ref. lfioll 15 . 

Note that we have obtained more general relation given in 
( 19.51b , while relation ( 19.52b is obtained from ( 19.51b by using 
the Stueckelberg gauge frame. Attractive feature of our ap- 
proach is that it provides possibility to use other gauge condi- 
tions which might be preferable in certain applications. This 
is to say that, in the light-cone gauge frame, relation (19.51b 
takes the form 



5 fF = 2Kc K r^ Lc - 



(9.53) 



Note that transformation of relation ( 19.52b to the one in (19.53b 
requires cumbersome computations because the Stueckelberg 
gauge frame removes the scalar field entering the light-cone 
gauge frame (see Secs lIV Bl and IIV Cb . It is relation ( 19.531 ) 
that seems to be most suitable for the the study of duality of 
the light-cone gauge Green-Schwarz AdS superstring and the 
corresponding boundary gauge theory. 

Matching of bulk and boundary gauge symmetries. 
Modified Lorentz gauge ( 19.15b and gauge-fixed equations 
(19.16b are invariant under gauge transformations given in 
( 19.10b - d9~T2| > provided the gauge transformation parameter 
satisfies equation (19.17b . The non-normalizable solution to 
this equation is given by 



£{x,z) = / d d yG K (x-y,z)£ sh (y). 



(9.54) 



15 Computation of S e f{ for spin-1 massless field may be found in Ref.|30] 
and, in the framework of our approach, in Ref.(j|]. 



We now note that, on the one hand, plugging d9.54| ) in ( 19.10b - 
(19.12b and using relations ( 19.501 ) we represent on-shell gauge 
transformations of (j) a (x, z), (f)-%(x, z) and <fii(x, z) as 

d d yG K (x-y,z)d a Uiv), 

W-i = 2(k 1 1} J d d y G K -i(x - y, z)n£ sh (y) , (9.55) 

Sfa = ~2nr™ J d d yG K+1 (x - y,z)^ h (y) . 
On the other hand, relations ( 19.451 ) imply 

8(j) a {x,z) =cti,o / d d yG K {x - y,z)S^ h (y) , 



(x,z) = (7i, _i/ d d yG K -i(x - y,z)6(f> s h,i{y) , (9.56) 



5(j)\(x,z) = (Ti,!/ d yG K+ i(x - y,z)S4> sh - 1 (y) 



Comparing ( 19.55b with d9.56b we see that the on-shell left- 
over gauge symmetries of solution of the Dirichlet problem 
for spin-1 massive AdS field amount to gauge symmetries of 
the spin-1 anomalous shadow field d4.4b - d4.6b . 

Matching of bulk and boundary global symmetries. The 
matching can be demonstrated by following the procedure we 
used for the spin-1 anomalous current in Sec lIXBl There- 
fore to avoid repetitions we briefly discuss some necessary 
details. Matching of bulk and boundary Poincae symmetries 
is obvious. Using conformal dimensions for spin-1 anomalous 
shadow field given in d4.2b . solution for bulk fields in d9.45b . 
and bulk dilatation operator d8.4b we make sure that dilata- 
tion bulk and boundary symmetries also match. In order to 
match K a symmetries we consider improved K? mpr transfor- 
mations with compensating gauge transformation parameters 
satisfying equations d9.39b . Using the relation for the Green 
function 



n v [zG v -x) = -A{v-l)G v . 



(9.57) 



it is easy to see that solution to equation d9.39b with cf) a as in 
d9.45b is given by 



e (x,z) = zal ePyG^x-y^^oiy), (9.58) 



J = 



1 



(9.59) 



" 1 ' 0_ 2(k-1) 

Using (19.45b and d9.58b in d9.36l ), we make sure that improved 
bulk K? mpl . symmetries amount to K a symmetries of the spin- 
1 anomalous shadow field given in d2.8l ) and d4.7b . 

To summarize, we note that it is matching of the bulk on- 
shell leftover gauge symmetries of the solution to Dirich- 
let problem and bulk global symmetries and the respective 
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boundary gauge symmetries of the anomalous shadow field 
and boundary global symmetries that explains why the effec- 
tive action coincides with the gauge invariant two-point vertex 
for the boundary anomalous shadow field (see ( 19.571 )). 



X. ADS/CFT CORRESPONDENCE FOR SPIN-2 FIELDS. 

Before discussing AdS/CFT correspondence for spin-2 
massive AdS field and spin-2 anomalous conformal current 
and shadow field we present our CFT adapted gauge invariant 
approach to spin-2 massive AdS field. Because our approach 
is closely related with gauge invariant approach to massive 
field we start with brief review of the latter approach. 

Gauge invariant approach to spin-2 massive field in 
AdSd+i space. In gauge invariant approach, spin-2 massive 
field is described by gauge fields 



(10.1) 



which transform in the respective rank-2 tensor, vector and 
scalar representations of so(d, 1) algebra. In Lorentzian sig- 
nature, Lagrangian found in Re f. [331] takes the form 16 

IjC = hs> AB E EH ® AB + ^<b A E Ma ^ A + i$P 2 $ 
+ m<S> A {V B $ BA -V A $ BB ) + f<S>V A >S> A 



■^ab^ab 



■_§AA^BB 



f m *AA^ d ^A^A , > 



2 2 



f = 



2d 
d-l' 



2(d-l) 

1/2 



■m 2 + 2d 



$ z , (10.2) 



(10.3) 



where the respective second-derivative Einstein-Hilbert and 
Maxwell operators E EH , E Max are given by 

E Cf> AS = 7? 2 $ AB — T) A T) C <b CB — T) B T) C <b CA 

EH 

+ v A v B $ cc + v AB {v c v E <s> CE - vH cc ) , 

E Ma ^ A = V 2 $ A - V A V B <I> B . (10.4) 
Lagrangian dl0.2t is invariant under gauge transformations 



S$ AB = V A E B + V B E A 

6<S> A = V A E - m~ A , 
6$ = -fZ, 



2m 
d-l 



V AB Z-. 



(10.5) 



where E A , S are gauge transformation parameters. In 
Ref . 11211 . we found new representation for Lagrangian ( 110.21 ). 



e 



AB (V 2 -m 2 
<f AA (V 2 -m 2 
$ A (V 2 -m 2 - 



2)$ 



2d 



d)& 



AB 



4)$ 
1 



BB 



$(P 2 



TO 



°st°st 



1 



a 2 



C A = V B^BA _ 1V A^ 



A^BB 



TO$ y 



A if. A 



AA 



2d)$ 
(10.6) 

(10.7) 



From j 10.6b . we see that it is the use of quantities and C s % 
that simplifies the structure of the gauge invariant Lagrangian. 
We note also that the relations = 0, C s % = define stan- 
dard de Donder gauge condition for the spin-2 massive field 17 . 

Interrelation of gauge invariant Lagrangian and Pauli- 
Fierz Lagrangian. As is well known, the spin-2 massive AdS 
field can be described by the Pauli-Fierz Lagrangian given by 
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TO 2 + 



d-2 



\AB 
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PF PF 



■_^AA^BB 
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(10.8) 



where is rank-2 tensor field of so(d, 1) algebra. Pauli- 
Fierz Lagrangian can be obtained from gauge invariant La- 
grangian J 10.2b in obvious way. Namely, gauge transforma- 
tions ( 110.51 ) allow us to gauge away the fields Q A and $. Do- 
ing so and identifying rank-2 tensor field in ( 110. j} with 
we get the Pauli-Fierz Lagrangian from gauge invariant La- 
grangian j 10.2b . 



(10.9) 



For the case of flat space, it is well known that the gauge 
invariant Lagrangian can be obtained from the Pauli-Fierz La- 
grangian. It turns out that this interrelation is still to be valid in 
AdS space too. Namely, introducing the following represen- 
tation of the Pauli-Fierz field in terms of gauge fields dlO.U 



AB 



§ AB 
2 



1 



(T> A $ B + V B <5> A ) 



B*A\ 



mf 



V A V B <$> 



2m 



r] AB <S>, (10.10) 



16 Recent interesting discussion of massive AdS fields may be found in |34|| . 



17 Recent discussion of the standard de Donder-Feynman gauge for massless 
fields may be found in Refs.|35-37]. To our knowledge explicit form of 
CgJ, C s t 110.7) has not been discussed in the earlier literature. 
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and plugging such j 10. 10b into Pauli-Fierz Lagrangian 
( I10.6l l. we obtain gauge invariant Lagrangian ( 110. 2b 18 . 



A. CFT adapted gauge invariant approach to spin-2 massive 
field in AdSd+i 

We now discuss our CFT adapted approach to spin-2 mas- 
sive AdS field. For details of the derivation of the CFT 
adapted gauge invariant Lagrangian, see AppendixlBl 

In our approach, the spin-2 massive field is described by the 
gauge fields 



Lab 



-2 90 <P2 



(10.11) 



The fields <fi ab , cf)^ and <f>Q, 4>±2 are the respective rank-2 
tensor, vector and scalar fields of the so(d) algebra. The CFT 
adapted gauge invariant Lagrangian for these fields takes the 
form |3 

c = l\ d r b \ 2 -l\dr a \ 2 + l\T K ^ 2 rr-\\T K ^ 2 r a \ 2 
+ \ E (m 2 + it k _i +a <«i 2 ) 

A=±l 

+ \ E (i^a| 2 + it k _, +a 0a| 

A=0,±2 

_ \ C a C a _ l C C _ -C_ X C_ X , 

2 2 2 

where we use the notation 
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C x ee P<ft--tfT^ } 



(10.13) 



18 To our knowledge formula UP. 10) is new and has not been discussed in the 
earlier literature. For Ad flat space, formula 110.101 was given in Ref.| 38], 
while for fiat space with d > 4 in Ref.[8|]. 



and T v is given in (18.12b . while k and r™", r™ n are defined 
in ( 15.3b and (15.7b respectively. Lagrangian (110.12b is invariant 
under the gauge transformations 



iab eta 



d a C + d b £ a 

2r oo 2 oo 

V T K+ ^i + — -r) 71 K+ i£-i, 



d-2 ' d-2 

aac I ^,00^7- /-a 



(10.14) 



s<t> a i = s a a + ifr^if , 

S4> = r 1 z °T K+2 _Z 1 + rfT_ K+ ^ 1 , 

Sfo = V2rl°T_ K _^x , 

where £ a , £±1 are gauge transformation parameters. 

Gauge invariant equations of motion obtained from La- 
grangian ( 110.12b take the form 



k ab Qa c b _ gb C a 



2r°V fc 2rf-q ab 

□ K -if_! - d a C-! - r° z °T K _iC a = , 
□ K+ i<# - d a d - r° c °T_ K ,_iC a = , 
□«_ 2 0-2-V^r° 1 7;_sC_i = O, 
□«0o - rfT_ K+h d - r^T^+rCx = , 



(10.15) 



where □„ is defined in ( 18.15b . We see that the gauge invariant 
equations of motion are coupled. 

Global AdS symmetries. We now discuss realization of 
the global AdS symmetries on space of gauge fields ( 110. 1 lb . 
The realization of the global AdS symmetries is already given 
in d8.2b -( |8.8b . All that remains to complete the description of 
these symmetries is to find realization of the operator R? . on 
space of gauge fields ( 110.1 lb . Action of the operator R%, on 
space of gauge fields (110. lib is found to be, 



.011, <•'•> • ,,, 1, 2ry bc 
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Modified de Donder gauge. Modified de Donder gauge is 
defined to be 

C a = 0, C*_i = 0, d = 0, modified de Donder gauge, 

(10.17) 

where C a , G±\ are given in ( 110.13b . Using this gauge in equa- 
tions of motion (110.15b gives the surprisingly simple gauge 
fixed equations of motion, 



□ K f = , 



□ 



a — n 



A = ±1 



(10.18) 



□ 



= 0, A = 0,±2. 



We see that the gauge fixed equations are decoupled. 

Modified de Donder gauge and gauge-fixed equations have 
leftover on-shell gauge symmetry. Namely, modified de Don- 
der gauge (110.17b and gauge-fixed equations ( 110.18b are in- 
variant under gauge transformations given in ( 110.14b provided 
the gauge transformation parameters satisfy the equations 

□ K C = 0, □„+a6 = 0, A = ±l. (10.19) 



B. AdS/CFT correspondence for anomalous current and 
normalizable modes of massive AdS field 

We now ready to discuss AdS/CFT correspondence for bulk 
spin-2 massive AdS field and boundary spin-2 anomalous con- 
formal current 19 . To this end we use our CFT adapted ap- 
proach to AdS field dynamics and modified de Donder gauge. 

First of all we note that the normalizable solution of equa- 
tions of motion (110.18b is given by 

<t> ah {x,z) = U K <t>t vfi {x), 

4>-i{x,z) = -u K ^i4>l ni _ x (x) , 
4>i{x,z) = u K+ i4>l nI>x {x) , 

<f)-2(x, z) = U K - 2 (f> C ur-2(x) , 

<t> (x, z) = -U K (j) cmfi (x) , 

cfa(x,z) = U K+ 2(j)cuT,2(x) , 



(10.20) 



where U v is defined in ( 19.191 ). From ( 110.201 ). we find the 
asymptotic behavior of the normalizable solution 
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(f)- 2 (x,z)= — > 4k(k + 1)z k 2 0cur,-2(a;) 



4>a{x, z) 



4> 2 (x,z) 



-Z K+ ^4> cu ^ Q (x) , 



0cur,2(a;) • 



4k(k - 1) 



From (110.21b . we see that the fields 0g Ur Q, <^c Ur ±i> <^cur,o> 
</ ) cur,±2 are indeed boundary values of the normalizable so- 
lution. Moreover, in the r.h.s. (110.20b . we use the notation 
<^cSr,0' 02ur,±i> <^cur,o, ^cur,±2 because these boundary val- 
ues turn out to be the gauge fields entering our gauge invari- 
ant formulation of the spin-2 anomalous conformal current in 
Sec. IV A| Namely, one can prove the following statements: 

i) Leftover on-shell gauge transformations (110. 14b of normal- 
izable solution ( 110. 20b lead to gauge transformations of the 
anomalous conformal current (15. 8b 20 . 

ii) For normalizable solution ( 110.20b . modified de Donder 
gauge condition ( 110.17b leads to differential constraints ( 15.4b - 
(15.6b of the anomalous conformal current. 

iii) On-shell global so(d, 2) bulk symmetries of the normaliz- 
able spin-2 massive modes in AdS^+i become global so(d, 2) 
boundary conformal symmetries of the spin-2 anomalous con- 
formal current. 

These statements can be proved following procedure we 
demonstrated for the spin-1 fields in Sec lIXBl Therefore to 
avoid repetitions we briefly discuss some necessary details. 

Matching of bulk and boundary gauge symmetries. To 
match gauge symmetries we analyze leftover on-shell gauge 
symmetries which are described by solutions of equations 
given in ( 110.191 ). Normalizable solution to these equations 
takes the form, 

e(x, Z ) = u K g UIt0 (x), 

£-i(x,z) = -£/ K -l£cur,-l(x), (10.22) 
£l(x,z) = ?7 K +l£cur,l(2) • 

Plugging ( 110.20b and ( 110.22b into bulk gauge transformations 



To our knowledge AdS/CFT correspondence for bulk spin-2 massive AdS 
field and boundary spin-2 anomalous conformal current has not studied in 
the literature. 



Transformations given in UP. 14) are off-shell gauge transformations. 
Leftover on-shell gauge transformations are obtained from j 10. 14-j by using 
gauge transformation parameters which satisfy equations fit). 19t . 
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( 110.141 1 we make sure that the leftover on-shell bulk gauge 
transformations amount to boundary gauge transformations of 
the spin-2 anomalous conformal current given in (15.81 ). 

Matching of bulk de Donder gauge and boundary dif- 
ferential constraints. Plugging solution to equations for AdS 
fields d 10.20b into the modified de Donder gauge and using 
relations fl9.22b , (|9~l2"3l . we make sure that modified de Donder 
gauge dl0.17| > amounts to differential constrains d5.4b - d5T6l i. 

Matching of bulk and boundary global symmetries. 
Matching of bulk and boundary Poincare symmetries is ob- 
vious. Using conformal dimensions for the spin-2 anoma- 
lous current given in d5.2b , solution for bulk fields in ( 110.201 ), 
and bulk dilatation operator ( 18.4b we make sure that dilatation 
bulk and boundary symmetries also match. As before, what 
is non-trivial is to match K a symmetries. As in the case of 
the modified Lorentz gauge, the modified de Donder gauge 
breaks bulk K a symmetries. In order to restore these broken 
K a symmetries we add compensating gauge transformations 
to the generic K a symmetries, 



(10.23) 



The compensating gauge transformation parameters can as 
usually be found by requiring improved transformations 
( 1 10.23b to maintain the modified de Donder gauge dl0.17| i, 

K^ pI C b = 0, K^C-i = 0, K? mvt d = . (10.24) 



Doing so, we make sure that equations ( 110.24b amount to the 
equations for the compensating gauge transformation param- 
eters, 



n K £ bK " = 24> ab - ri ah <\> cc . 



(10.25) 



Using ( |9.25b and dl0.20b . we find solution for the compensat- 
ing gauge transformation parameters, 

e K \x, z) = zU K+1 (tf b I>0 (x) - lv ab € C uM) . 
i K l(x lZ ) = -zU^^x) , (10.26) 



where operator U v is given in d9.19l ). Plugging ( |10.20b and 
( 1 10.26b in dl0.23b . we make sure that the improved bulk Kf n 
symmetries of the spin-2 massive AdS field amount to K a 
symmetries of the spin-2 anomalous conformal current given 
in (El and ( gjp . 



C. AdS/CFT correspondence for anomalous shadow field and 
non-normalizable mode of massive AdS field. 

We proceed to discussion of AdS/CFT correspondence for 
bulk spin-2 massive AdS field and boundary spin-2 anomalous 
shadow field. 

Matching of effective action and boundary two-point 
vertex. In order to find S e s we should solve equations of mo- 
tion with the Dirichlet problem corresponding to the boundary 
anomalous shadow field and plug the solution into action. Us- 
ing equations of motion j 10. 15b in bulk action d9.7b with La- 
grangian d!0.12b . we obtain boundary effective action d9.42b 
with C e g given by 



A=±l 



A=0,±2 
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We have demonstrated that the use of the modified de Donder 
gauge considerable simplifies the equations of motion. Now 
using modified de Donder gauge (110. 17b in dl0.27b , we obtain 



£ e ff 
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+ I E ^-J+A« 
A=±l 

+ \ E ^aT k _i +a 0a, (10.28) 



A=0,±2 



i.e. we see that C e g is also considerably simplified. To find 
S e s we should solve gauge-fixed equations of motion ( 1 10. 1 8b 
with the Dirichlet problem corresponding to the boundary 
anomalous shadow field and plug the solution into C c s. To 
this end we discuss solution of equations of motion ( 1 10. 1 8b . 

As before our equations of motion take decoupled form and 
similar to the equations of motion for the massive scalar AdS 
field. Therefore we can apply the procedure described in Sec. 
I VIII I Doing so, we obtain solution of equation ( 1 1 0. 1 8b with 
the Dirichlet problem corresponding to the spin-2 anomalous 
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shadow field, 

4> ab {x, z) = a 2 , I d d y G K (x - y, z)#g i0 (j/) , (10.29) 



4>l(x,z) = o M J d d y G K+X (x - y, z)$ h _ x (y) , 

A = ±l, (10.30) 

(f>\(x,z) = (To, a J d d yG K+x (x - y,z)<j) sh ^ x (y) , 

A = 0,±2, (10.31) 

<t 2 ,o = 1 , (10.32) 
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4(k- 1)0-2) ' 
o-q,o = -1, cro,2 = 4k(k + 1) , 



(10.33) 



where the Green function G„ is given in ( 18.22b . while k is 
defined in ( 15.3b . Choice of normalization factor 02,0 ( 110.32b 
is a matter of convention. The remaining normalization fac- 
tors given in ( 1 10.33b are uniquely determined by requiring that 
modified de Donder gauge ( 110. 17b be amount to the differen- 
tial constraints for the spin-2 anomalous shadow field. 

Using asymptotic behavior of the Green function given in 
( 18.24b . we find the asymptotic behavior of our solution 



<p- 2 {x,z) 
<j>o(x,z) '- 



y — K+o 



2(k- 1) 
2kz-^4>X_ 1 {x), 

* 77 777 ^7^,2(2:), 

4(k — 1){k — 2) 

4k(k + l)z~ K ~^^ sh - 2 (x) , 



(10.34) 



which tells us that solution ( U0.29b - lTl0.31b has indeed asymp- 
totic behavior corresponding to the anomalous shadow field. 

Finally, to obtain the effective action we plug solution of the 
Dirichlet problem for AdS fields, d!0.29b - (fl03li) into ( T9~42l 
(110.28b . Using general formula given in ( 18.28b . we obtain 



S c ff = 2kc k T . 



(10.35) 



where k and c K are defined in ( 15. 3b and ( 18. 23b respectively and 
r is gauge invariant two-point vertex of the spin-2 anomalous 
shadow field given in (14. 8b . (16.8b . 

Thus, using the modified de Donder gauge for the spin-2 
massive AdS field and computing the bulk action on solution of 



equations of motion with the Dirichlet problem corresponding 
to the boundary anomalous shadow field we obtain the gauge 
invariant two-point vertex of the spin-2 anomalous shadow 
field. 

Using (16.12b . we can represent our result (110.351 ) in the 
Stueckelberg gauge frame 

k(2k + d + 2) tand ,, nM 
" ScS = 2(2. + d-2) CKr ' (1036) 

while, in the light-cone gauge frame, our result is represented 



(10.37) 



where r^ 1 c ' is given in ( 16.181 ). Relation ( 110.36b with the nor- 
malization factor in front of r stand as in j 10.36b was obtained 
in Ref Jllll 21 . Note that we have obtained more general rela- 
tion given in ( 110.35b . while relation ( 110.36b is obtained from 
( 110.35b by using the Stueckelberg gauge frame. It is our gen- 
eral relation dl0.35b that provides possibility for the derivation 
of all other relations like the ones in dl0.36b and dl0.37b just 
by choosing appropriate gauge conditions. Note that trans- 
formation of relation J 10.36b to the one in J 10.37b requires 
cumbersome computations because the Stueckelberg gauge 
frame removes the vector and scalar field entering the light- 
cone gauge frame (see Secs lVI Bl and l VI Cl >. 

Matching of bulk and boundary gauge symmetries. 
Modified de Donder gauge ( 110.17b and gauge-fixed equations 
( 110.18b are invariant under gauge transformations given in 
( 110.14b provided the gauge transformation parameters satisfy 
equations ( 110.19b . The non-normalizable solution to equa- 
tions ( 110.19b is given by 



C{x,z)= / d d yG ti {x-y,z)S iShfl {y). 



(10.38) 



£\(x, z) = ox A / d d yG K+ x(x - y, z)£sh,-A(y) 



A = ±1, where 01,-1-1 are given in J 10.33b . Plugging dl0.38b 
and dl0.29b - dT03ll in dlO. 14b we make sure the on-shell left- 
over gauge symmetries of solution of the Dirichlet problem 
for spin-2 massive AdS field amount to the gauge symmetries 
of the spin-2 anomalous shadow field ( 16.6b . 

Matching of bulk and boundary global symmetries. The 
matching can be demonstrated by following the procedure we 
used for the spin-2 anomalous current in Sec lXBI Therefore 
to avoid repetitions we briefly discuss some necessary details. 



21 Computation of S e g for spin-2 massless field may be found in Refs.(3^- 
l4lh . In the framework of our approach, S e ff was studied in Ref.| 12]. 
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Matching of bulk and boundary Poincae symmetries is ob- 
vious. Using conformal dimensions for the spin-2 anoma- 
lous shadow given in ( 16.21 ), solution for bulk fields in (110.29b - 
( 110.31b , and bulk dilatation operator ( 18.41 ), we make sure that 
dilatation bulk and boundary symmetries also match. In order 
to match K a symmetries we consider improved K? mpl trans- 
formations d 10.23b with gauge transformation parameters that 
satisfy equations (110.25b . Using ( 19.571 ), we see that solution to 
equations (110.25b with right hand sides as in ( 110.29b , (110.30b 
is given by 



e K "(x,z) = zalJ d d y G K _! (x - y, z) 
x «„(*) ~ \v ab €to) , 
£l{x 1 z) = z4_ 1 [d d yG K _ 2 {x-y,z)^,x{y)^ (1039 ^ 
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where the Green function is given in ( 18.22b . Using these com- 
pensating gauge transformation parameters in improved bulk 
-^impr symmetries (110.23b we make sure that these K? mpr 
symmetries amount to K a symmetries of spin-2 anomalous 
shadow field given in (12.8b and ( 16.71 ). 

To summarize, it is the matching of the bulk on-shell left- 
over gauge symmetries of the solution to Dirichlet prob- 
lem and bulk global symmetries and the respective boundary 
gauge symmetries of the anomalous shadow field and bound- 
ary global symmetries that explains why the effective action 
coincides with the gauge invariant two-point vertex for the 
boundary anomalous shadow field (see il0.35i ). 

Comparing our results for spin-1 and spin-2 fields given in 
(19.51b and (110.35b respectively, we see that our approach gives 
uniform description of the interrelation between the effective 
action of massive AdS fields and two-point gauge invariant 
vertex of shadow fields. Note however that value of k for 
spin- 1 field (13.3b should not be confused with the one for spin- 
2 field (15.3b . For the case of arbitrary spin-,s field, the k was 
found in Refs.lfHH, 



+ (s + 



If. 



(10.42) 



All that is required to generalize relation ( 110.35b to arbitrary 
spin-s fields is to plug k ( 110.42b in (110.35b . Detailed study of 
arbitrary spin fields will be given in forthcoming publication. 



XI. CONCLUSIONS 

In this paper, we extend the gauge invariant Stueckelberg 
approach to CFT initiated in Refs.[8, 9] to the study of anoma- 
lous conformal currents and shadow fields. In the frame- 
work of AdS/CFT correspondence the anomalous conformal 
currents and shadow fields are related with massive fields of 
AdS string theory. It is well known that all Lorentz covari- 
ant approaches to string field theory involve large amount of 
Stueckelberg fields and the corresponding gauge symmetries 
(see e.g. II43I1 ). Because our approach to anomalous con- 
formal currents and shadow fields also involves Stueckelberg 
fields we believe that our approach will be helpful to under- 
stand string/gauge theory duality better. Note also that we ob- 
tain gauge invariant vertex for anomalous shadow fields which 
provides quick and easy access to light-cone gauge vertex. In 
the framework of AdS/CFT correspondence this vertex is re- 
lated to AdS field action evaluated on solution of the Dirichlet 
problem. Because on expects that quantization of AdS super- 
string is straightforward only in light-cone gauge we believe 
that our light-cone gauge vertex will also be helpful in vari- 
ous studies of AdS/CFT duality. The results obtained should 
have a number of the following interesting applications and 
generalizations. 

(i) In this paper, we considered the gauge invariant ap- 
proach for spin-1 and spin-2 anomalous conformal currents 
and shadow fields. It would be interesting to generalize our 
approach to the case of arbitrary spin anomalous conformal 
currents and shadow fields. 

(ii) In this paper we studied the two-point gauge invariant 
vertex of anomalous shadow fields. Generalization of our ap- 
proach to the case of 3-point and 4-point gauge invariant ver- 
tices will give us the possibility to the study of various appli- 
cations of our approach along the lines of Refs.[44-4^] 

(iii) Because our modified de Donder gauge leads to consid- 
erably simplified analysis of AdS field dynamics we believe 
that this gauge might also be useful for better understanding 
of various aspects of AdS/QCD correspondence which are dis- 
cussed e.g. in Refs.[47, 48]. 

iv) BRST approach is one of powerful approaches to anal- 
ysis of various aspects of relativistic dynamics (see e.g. 
Refs. l49ll -I54l. We think that extension of this approach to the 
case anomalous conformal currents and shadow fields should 
be relatively straightforward. 

v) In the last years, there were interesting developments 
in studying the mixed symmetry fields ll55ll - ll59ll . It would 
be interesting to apply methods developed in these references 
to studying anomalous conformal currents and shadow fields. 
There are other various interesting approaches in the literature 
which could be used to discuss gauge invariant formulation of 
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anomalous conformal currents and shadow fields. This is to 
say that various recently developed interesting formulations 
of field dynamics in terms of unconstrained fields in flat space 
may be found in Refs. 1 60]- 1 62] . 
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Appendix A: Derivation of CFT adapted Lagrangian for spin-1 
massive field in AdSd+i 

In this Appendix, we explain some details of the deriva- 
tion of the CFT adapted gauge invariant Lagrangian for spin- 
1 massive field given in d9.81 l. Presentation in this Appendix 
is given by using Lorentzian signature. Euclidean signature 
Lagrangian in Sec lIX Al is obtained from the Lorentzian sig- 
nature Lagrangian by simple substitution C — > —£. 

Spin-1 massive field. We use field $ A carrying flat Lorentz 
algebra so(d, 1) vector indices A, B = 0, 1, . . . , d — 1, d. The 
field $> A is related with field carrying the base manifold in- 



dices fi — 0, 1, . . . , d, in standard way $ y 



where e A is vielbein of AdSd+i space. For the Poincare 
parametrization of AdSd+i space d8.lt . vielbein e A = e A dx^ 
and Lorentz connection, de A + ui AB A e B = 0, are given by 



1 



,AB 



(Al) 



where S A is Rronecker delta symbol. We use a covariant 
derivative with the flat indices T> A , 



V A = e A T>^ , 



V A = V AB V B 



(A2) 



where is inverse of AdS vielbein, e A e^ = Sg and r\ AB 
is flat metric tensor. With choice made in ( lAlt . the covariant 
derivative takes the form 



V A <S> 



A^B 



d A <5> 



B^A 
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ABqz 
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zd A , (A3) 



where we adopt the following conventions for the derivatives 
and coordinates: d A = r\ AB dB, 9a = d/dx A , x A = S^x^, 
x A = x a , x d with the identification x d = z. 

In arbitrary parametrization of AdS, Lagrangian of the spin- 
1 massive field is given in ( 19. 4t . We now use the Poincare 
parametrization of AdS and introduce the following quantity: 

C = V c <$> c 



(A4) 



We note that it is the relation C = that defines the modified 
Lorentz gauge. Using the relations (up to total derivative) 



e$ A VH A = e($ A (p oAdg -l)& 



4$^C + (d-7)$ z $ z -4TO$$ 2 ) , (A5) 

(A6) 

C£ = C z -4$ z C + 4$ 2 $ 2 , (A7) 

a 0AdS = z 2 (a + d 2 z ) + (i-d)zd z , (A8) 

det e A , we represent Lagrangian d9.4t and C dA4t as 

e-'C = V(D 0AdS -m 2 +d-l)$- 4 
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2 2 



C = d A <I> A + (2 - d)$ 2 + ra$ . 
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Using canonically normalized fields $ , $ and C defined by 

a d-1 — a d-1 ~ d+1 

$ =z~<I> , $ = z~$, C = z~C, 
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we obtain 
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1 , o d 2 -1 



-$ [a + d 2 z --(m 



d— 3~ ~ 2m ~~ 1 „ 
— — $ 2 $ 2 -— $ 2 $ + -C 2 , 
2^ 2 z £ 2 



C = d A <i> 



A^A 



3 — d~ m~ 
$ 2 H $ . 

2z z 



(A12) 
(A13) 



In terms of so(d —1,1) tensorial components of the field $> A 
given by $ a , <£> z , Lagrangian dA12t and C dA13l > take the form 



(A14) 
(A15) 



1~ - ~ 1 ~ . ~ 2m ~ ~ 
£ = 7T* z ^3-,i^ + ^^-i*-^r^*, (A16) 



C = d a <S> a + Ti^d* 2 + — $ , 



(A17) 



5 2 1 ,2 1 



= D + (A18) 



where k and 71/ are defined in d3.3b and d8.12l ) respectively. In 
terms of fields (19. 6t defined by 



a /a 



(A19) 
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C <P-i + r z <Pi 



where r°°, r°° are defined in ( 13. 5b , we represent £i ( lA15b and 
C a ( lA16b as 



a r—i 1a 



£1 = 2*° D - 



(A20) 



A '-'k+A'/'A ■ 



A=±l 



while C ( IA17b takes desired form given in ( 19.9b . Noticing the 
relation 



1 , a 1, 



4' ' 



(A21) 



and taking into account expressions for □„ ( 18.151 ) and £ 1; £ 
dA20K we see that Lagrangian ( IA14t takes the form of the 
CFT adapted gauge invariant Lagrangian d9.81 l. 

Lagrangian (19.4b is invariant under gauge transformations 
( 19.31 1. Making the rescaling S = z^ 3 ^ 2 ^, we check that 
these gauge transformations lead to the ones given in ( 19. 10b - 
( r9~L2l . 



e$ A VH A =e($ A (n 0AdS -l)$ A 
+4$ Z C + (d - 7)$ z $ z - 2m$ A ' 4 $ z - 4/$$ z ) , (B4) 



C£ = CT-4$ Z C + 4$ Z $ Z , 



(B5) 



where □„ Ads is given in (lA8b . we represent Lagrangian (110.6b 
and C A , C <ED as 

e-'C = \* AB {U 0AdS -rn?)$ AB 



-® AA {V nA , q -m 2 )<$> BB 

g \ AdS i 



qzA^zA _ 2 m q> zA $ A 



1 

8 

d- I 
~~ 2 
1 

2 

d-3 



* A (a 0iWS -m a -d-l)$ A 
$ z $ z - 2/$$ z 



7*( n o. £!S -^ 2 -2d)$ 



Appendix B: Derivation of CFT adapted Lagrangian for spin-2 
massive field in AdSd+i 

We present details of the derivation of the CFT adapted 
gauge invariant Lagrangian and the respective gauge transfor- 
mations of spin-2 massive field given in ( 110.12b and ( 110.141 ). 

In arbitrary parametrization of AdS, Lagrangian for the 
spin-2 massive field is given in (110.6b . We now use the 
Poincare parametrization of AdS and introduce the following 
quantities 



Crt + 2$2 

C EE C Bt + 2$ Z . 



A^BB 



6?$ 



(Bl) 



We note that it is the relations C A — 0, C = that define 
the modified de Donder gauge. Using the relations (up to total 
derivative) 

\e* AB V^ AB = e(h* AB (U 0AdS -2)* AB 

, d -S ^zA^zA , 2 Qzzq,AA _ d A A BB 

2 4 
+2$ zA C A - <£ AA C Z - 2m$ zA $ A + m$ AA <£ z ) , (B2) 



^C A C A = ^C A C A - 2<S> zA C A + <S> AA C Z 



+2$ zA $ zA - 2$ zz $ /i/i + A <V 



AA i ^if.AAif.BB 



(B3) 



iA _ ZB^AB 1 aA^BB 



(B6) 



(B7) 



c = a A $ A + (2 - d)$ z + —$ AA + f$ . 



Using canonically normalized fields and quantities C , C, 



C A = z~C , C = z— C, 
we obtain 

£ = i$ AB /i <|' 4s - l$ AA K $ BB 
4 8 

+ ^$> A K d+1 $ A + ^k 2d § 



(B8) 



2z 2 

H^$*$ + Ic A c A + ^cc, 



2z 2 



1 



(B9) 



C" 

c z 
c 



0&$»& _ I^BB + J d i $za + 

2 2 Z 



^a^a _ lj- $BB + j ■ $** _| 

2 2 22 

a a l> a + r 4-3 $ z + — $ AA + -!> . 

— — 2z z 



777 ~ 

-$ z , (B10) 

z 
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where k and K u are defined in (15.31 ) and JA18t respectively. 
In terms of new fields defined by the relations 



2a = $ za , </> a = $ a , (Bll) 

Lagrangian £ dB9t and C A , C ( IB 10b take the form 

£ = £ 2 + £i+£ + ic' 4 C A + icC, (B12) 



£ 2 = ^ afc X o ah -i 



(B13) 



1 1 2m 

A = ~<t>* a K x ^ d ct> za + -rKx +d r - — 4> za 4> a , (B14) 

2 2 



25 



1Z J 1Z 



2/ 



(B15) 



2 2 3 

~ 1 77? (75^ 

C 2 = _ _r^0 aa +uT3^0 22 + — — , (B16) 

2 2 2 Z 



C = d a <b a +T3- d < 



( d - 2\ V 2 / a - in i / z 

^Kfe) ■ Hfe) - (B17) 



m(j) aa g4> zz f<j> 

~Yz (d-2)z + ~~z ' 
d-l\V 2 



where / is defined in ( I10.31 l. We proceed as follows, 
i) First, we note that £2 dB13b can be represented as 



Co 



ab r— J ^aa r— | 



(B18) 



where k and □« are given in d5.3t and d8.15l l respectively, 
ii) Introducing vector fields tf^_ 1 by the orthogonal transfor- 
mation 



Q = -r c oo C 1+ r°V?, 



(B19) 



where r°°, r°° are given in ( 15.7l i we cast £1 ( IB 14-b into the 
form 



(B20) 



A=±l 



We note that inverse of the transformation ( |B19t is given by 



(B21) 



iii) Introducing scalar fields cf>o, <j>±2 by the orthogonal trans- 
formation 



a 11 



S12 



Sl3 



S21 



S22 = 



Cj>- = S110-2 + S120O + S1302 , 
2 = S210-2 + «220O + S2302 , 
4> = S310-2 + S320O + S3302 , 

_ /(2/e + d)(2/c + d-2)(d-2)\V2 
_ V 16k(k- l)(d- 1) / 

/(2k + d)(2/c- d)d\V2 
~ V 8(k 2 - l)(d- 1) J ' 

(2K-d)(2K-d + 2)(d-2)\V2 



(B22) 



( 



16K(K+l)(d- 1) 

/(2k- d)(2« + d- 2)^1/2 
V 8k(k- 1) 



d(d- 2) \ V 



S23 



( 



4(k 2 ^ 1) 
(2K + d)(2K- d + 2)\i/2 



(B23) 



S3 



8k(k+1) 

_ /(2K-d)(2K-d + 2)d\V 2 
1 ~ V 16«(K-l)(d-l) / ' 

(2k + d - 2) (2k - d + 2) (d - 2) \ V 2 



S32 



S33 = 



8(k 2 - l)(d-l) 
(2K + d)(2K + d-2)d\V 2 



16k(k+ l)(d- 1) 
we cast £q dB15b into the form 



(B24) 



A=-2,0,2 



For the readers convenience, we note that inverse of the trans- 
formation ( IB22I ) is given by 

<t>-2 = Sn0 22 + S 2 \cj) Z + S 3 10 , 

00 = S120 22 + S220 2 + s 32 , (B25) 

02 = S130 22 + S230 2 + S33</> ■ 

iv) Representing C a , C z , C in terms of the vector fields (j)^ 
and the scalar fields 4>o, 4>±i an d introducing C a , C±\ by re- 
lations 



C a = C a , 

d =r°°C 2 +rfC, 



(B26) 
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CU = r°° C z -r°°C : 



we find that these C a , C±i take the form given in ( 110- 13b . We 
note the helpful relation 



f 

z 



In terms of fields defined in ( IB 1 11 1, gauge transformations 
(IB28I ) take the form 



G A C A + CC = C a C a + C-xC-i + dd 



(B27) 



v) Making use of relation ( IA2U and taking into account ex- 
pressions for C 2 dBTBl . Ci (lB20t . £ dB24l and formula 
(1B271 i. we see that Lagrangian (IB 1 21 > takes the form of the 
CFT adapted gauge invariant Lagrangian (110.12| i. 

We now present some details of the derivation of gauge 
transformations given in ( 1 10. 14-b . Lagrangian ( 110.6b is invari- 
ant under gauge transformations given in ( |10.5b . In terms of 
canonically normalized fields (lB81 l. these gauge transforma- 
tions take the form 



2 2mn ab 



(d-l)z 



5<S> ZZ =2T^e 



2m 



(d- l)z 



6$ a = d a £ C , 

z 

~ m 

m z = t*-*z — i z 

2 Z 



(B28) 



b ab = ga^b + Qb^a + ^ 

d—2 ~ 



2rarj 



,ab 



d-2 



= uT^e + 



(d-l)z 



i a _ qq 



(B29) 



777 

z 

777 

86 z = r^£ — e 

2 Z 

z 



Introducing new gauge transformation parameters by the or- 
thogonal transformation 



(B30) 



and using vector fields (jf^ dB2 1 b and scalar fields <po, (j>±2 
( IB25I ). we find that gauge transformations JB29b take desired 
form given in ( 110. 14b . 
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